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metric and conformal Killing vectors, and provide physically meaningful examples.
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1. Introduction
In a previous article [1], conformally reducible 2+2 spacetimes, i.e., spacetimes conformal
to reducible (decomposable) 2+2 spacetimes were classified according to their conformal
symmetries. In this article we extend our study to conformally reducible 1+3 spacetimes.
Reducible 1+3 spacetimes have been the subject of previous studies. Coley and Tupper
[2] found the general form for reducible 1+3 spacetimes which admit proper conformal
Killing vectors. Tsamparlis, Nikolopoulos and Apostolopoulos [3] related the conformal
Killing vectors of reducible 1+3 spacetimes to the conformal Killing vectors of the
underlying 3-space and showed that the latter can be obtained from a combination of
a gradient conformal Killing vector and a Killing vector or homothetic Killing vector.
Capocci and Hall [4] studied the conformal symmetries in terms of the holonomy group
classification.
A spacetime (M, g) is said to be a conformally reducible 1+3 spacetime if, for every
point p ∈ M , there exists a coordinate chart {xa} such that the line element takes the
form
ds2 = exp(2µ(xa))
(
dσ20 + dσ
2
)
, (1)
where
dσ20 = ǫ0dη
2, ǫ0 = ±1 (2)
dσ2 = hAB(x
C)dxAdxB A,B, · · · = 1, 2, 3 (3)
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with dσ20 of signature plus or minus one and dσ
2 of signature +1 or +3 respectively.
That is, (M, g) is conformally related to a reducible 1+3 spacetime, say (M, gˆ) whose
associated line element shall be written, from now on, as:
dΣ2 = dσ20 + dσ
2
or equivalently, and in the above coordinate system:
dΣ2 = ǫ0dη
2 + hAB(x
C)dxAdxB, ǫ0 = ±1, A, B, · · · = 1, 2, 3 (4)
Henceforth, the 3-space with metric
dσ2 = hAB(x
C)dxAdxB (5)
will be referred to as (V, h).
Now, the spacetime (M, gˆ) is (locally) reducible 1+3 if and only if it admits a global,
non-null, nowhere zero covariantly constant vector field ~η, and one can then distinguish
between 1+3-spacelike (whenever ~η is timelike, hence (V, h) is spacelike and ǫ0 = −1) or
1+3-timelike (~η spacelike, (V, h) Lorentz and ǫ0 = +1). A characterization by means of
the spacetime holonomy group is also possible; thus in the first case (1+3-spacelike) the
holonomy type is R13, whereas in the second case it is R10. If other non-null covariantly
constant vector fields exist, the spacetime reduces still further, and the holonomy types
are different, but the spacetimes can be described in a similar fashion (see [5] for details).
Before proceeding we recall that (see for example [6]) a vector field ~X is said
to be a conformal Killing vector (CKV) iff L ~Xg = 2φg where φ is some function of
the coordinates (conformal scalar), g is the metric tensor, and L ~X stands for the Lie
derivative operator with respect to the vector field ~X . The above equation can also be
written in an arbitrary coordinate chart as
Xa;b = φgab + Fab (6)
where Xa and gab are the covariant components of ~X and the metric in the chosen chart
and Fab = −Fba is the conformal bivector. When φ 6= constant the CKV is said to be
proper, and if φ;ab = 0 the CKV is a special CKV (SCKV). When φ is a constant, ~X
is a homothetic vector (HV) and Fab is called the homothetic bivector. When φ = 0,
~X is a Killing vector (KV) and Fab is the Killing bivector. If Fab = 0, i.e., Xa = X,a,
the CKV is a gradient CKV (GCKV). Similarly, gradient HV and gradient KV are
referred to as GHV and GKV respectively. The set of CKVs admitted by a spacetime
(M, g) form, under the usual Lie bracket operation, a Lie algebra of vector fields which
we shall designate as Cr(M, g), r being its dimension. Also the SCKV, HV and KV
admitted by (M, g) form Lie algebras designated as Sr(M, g), Hr(M, g) and Gr(M, g),
respectively. Similar notations are used to designate the corresponding Lie algebras for
the spacetime (M, gˆ) and the 3-space (V, h). It follows that in any given spacetime (or
3-space) Cr ⊇ Sm ⊇ Hs ⊇ Gn, with r ≥ m ≥ s ≥ n. We refer the reader to [7] for
further details on CKV and their Lie algebra.
The invariant characterisation of (M, gˆ) in terms of the existence of a non-null
covariantly constant vector field provides an invariant characterisation of (M, g) which
was given in [8] by the following theorem:
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Theorem 1. The necessary and sufficient condition for (M, g) to be conformally related
to a reducible 1+3 spacetime (M, gˆ) is that it admits a non-null, nowhere vanishing global
conformal Killing vector (CKV) ~X which is hypersurface orthogonal.
We note that warped spacetimes of class A, as defined in [10] and [8], are particular
instances of conformally reducible 1+3 spacetimes.
If (M, g) is a conformally reducible 1+3 spacetime its conformal algebra will be
the same as that of the underlying reducible 1+3 spacetime (M, gˆ) thus providing
a classification for conformally reducible 1+3 spacetimes. An investigation of the
conformal algebra of (M, gˆ) was carried out in [8]. We will not repeat the details of
that investigation here, but we will repeat the resulting theorem (Theorem 10 of [8])
which gives results that are crucial to the present investigation. However, the theorem
presented here differs from that in [8] in that in parts (2) and (3) we have added
comments pertaining to the conformally flat spaces and in part (4) we have a more
general result than the corresponding part in [8].
Theorem 2. Let (M, gˆ) a reducible 1+3 spacetime; the following results hold regarding
its conformal Lie algebra:
(i) If (V, h) admits no GCKV then the only CKV that (M, gˆ) admits are HV and KV.
(ii) (M, gˆ) can admit a proper CKV ~Y if and only if (V, h) admits a GCKV, which can
be either a GKV ~ξ, or a GHV ~γ, or a (proper) GCKV ~ζ. However, a non-special
proper CKV exists only if (M, gˆ) is a conformally flat or conformally reducible 2+2
spacetime (see case 4 below).
(iii) Two or more GCKV are admitted by (V, h) if and only if (V, h) is of constant
curvature (hence conformally flat) and it is flat if one of the GCKV admitted is a
GHV. The resulting reducible 1+3 spacetime (M, gˆ) is conformally flat also. The
converse also holds: given a conformally flat reducible 1+3 spacetime, the three-
dimensional subspace (V, h) is necessarily of constant curvature.
(iv) If only one GCKV is admitted by (V, h), then (M, gˆ) may admit a proper CKV or
SCKV which is unique up to the addition of HV and the following situations may
arise:
(a) If it is a GKV ~ξ then, it must be null else (M, gˆ) degenerates into a 1+1+2
reducible spacetime [8]. Thus ~ξ is a covariantly constant null KV and (M, gˆ)
is a pp-wave spacetime specialised to a 1+3 spacetime with metric (see section
35.1 of [6])
ds2 = dη2 − 2dudv − 2H(u, x)du2 + dx2 (7)
and the null KV ~ξ = ∂v. Note that this metric is of isometry class 1(i) in [11]
where it is shown that no member of this class can admit a non-special proper
CKV. However, such a spacetime can admit a proper SCKV, ~Y , iff the metric
function H(u, x) and two other functions f(u), g(u), can be found satisfying
the differential equation
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(ρu2 + αu+ β)H(u, x),u + [
1
2
x(2ρu+ α + k) + f(u)]H(u, x),x
+xf(u),uu + g(u),u + (2ρu+ α− k)H(u, x)) = 0 (8)
where ρ, α, β, k are constants and ρ 6= 0 for a proper SCKV to exist (see [11]
for details). If ρ 6= 0, a translation along the u-axis and a rescaling of the u, v
coordinates changes (8) into the form
(u2 + σ)H(u, x),u + [x(u+
1
2
k) + f(u)]H(u, x),x
+ xf(u),uu + g(u),u + (2u− k)H(u, x) = 0. (9)
where σ is an arbitrary constant. The SCKV ~Y is given by
~Y = η(u+ 1
2
k)∂η + (u
2 + σ)∂u
+ [kv + 1
2
x2 + 1
2
η2 + xf(u),u + g(u)]∂v
+ [(u+ 1
2
k)x+ f(u)]∂x (10)
with φ = u+ 1
2
k. The corresponding metric and SCKV ~X in (V, h) are
dΣ2 = − 2dudv − 2H(u, x)du2 + dx2. (11)
~X = (u2 + σ)∂u + [(u+
1
2
k)x+ f(u)]∂x.
+ [kv + 1
2
x2 + xf(u),u + g(u)]∂v. (12)
The SCKV ~Y can be written as
~Y = η(u+ 1
2
k)∂η +
1
2
η2~ξ + ~X.
If in (8), ρ = 0, then no proper SCKV exist, only HV and, possibly, KV.
(b) If it is a GHV then (M, gˆ) admits a proper SCKV ~Y and if it is a GCKV then
(M, gˆ) admits a proper CKV ~Y . In each case ~Y is unique up to the addition
of HV. The metric in each of these cases is given by
ds2 = ǫ0dη
2 + ǫ1du
2 +M2(u)Ω2(v, x)
[
ǫ2dv
2 + dx2
]
ǫα = ±1 (α = 0, 1, 2), ǫ0ǫ1ǫ2 = −1, ǫ0 + ǫ1 + ǫ2 = +1, (13)
where M(u) = u in the GHV case while in the GCKV case, depending on the
sign of ǫα, M(u) is given by one of the four functions
sin ku, sinh ku, cosh ku, eku (k 6= 0) (14)
which coincide with the expressions found in [2], apart from the expression
M(u) = eku which was omitted in [2]. Note that the metric (13) is a
conformally reducible 2+2 spacetime and so has been dealt with in [1].
In case (3) in the above theorem, namely; whenever (M, gˆ) is conformally flat,
C(M, gˆ) is 15-dimensional and is the same as that of Minkowski spacetime. This case
is also contained in the study carried out in [1] and the reader is referred there, where
expressions for the metric and generators of the conformal algebra are given in different
coordinate gauges.
Thus the cases of interest in Theorem 2 are case (1) in which (M, gˆ) admits only
HV and KV, as is always so for a reducible 2+2 spacetime, and case (4a), the only case
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in which (M, gˆ) admits a proper SCKV without degenerating into a conformally flat or
conformally reducible 2+2 spacetime. This latter case, i.e.: (4a), occurs iff (V, h) admits
a null GKV and a SCKV, in which case (M, gˆ) is a pp-wave spacetime.
In section 2 we briefly deal with with those reducible 1+3 spacetimes admitting
KVs and HVs with fixed points. In the subsequent sections we will tacitly restrict
to the cases in which the KVs or HVs in the reducible 1+3 spacetime have no fixed
points (or at least one of the KVs or HVs has no fixed points, so that one could choose
coordinates adapted to it). We investigate the possible solutions that can arise in case
(1) of Theorem 2, i.e., when (V, h) admits KVs or HVs and we also give examples of
the pp-wave case (4a). In section 3 we obtain the canonical metrics admitting maximal
Gr(V, h) and the corresponding reducible 1+3 spacetimes. In section 4 we obtain the
canonical metrics admitting maximal Hr(V, h) and the corresponding reducible 1+3
spacetimes. Finally, in section 5 some examples of reducible and conformally reducible
1+3 spacetimes are presented.
2. Fixed points of KV and HV in 1+3 spacetimes
Here we will turn our attention briefly to the cases in which the spacetime admits KVs
and/or HVs which do have fixed points. We shall not attempt to give detailed coordinate
expressions for the metric and the relevant vector field admitting a fixed point, as this
would be tedious and lengthy, in any case this can be done following the same methods
as in [1]. Instead we shall focus on the general results that can be mostly gathered from
[12].
Given any vector field ~X on a manifold M , a point p ∈M is said to be a fixed point
of ~X iff ~X(p) = 0. This is equivalent to saying that the 1-parameter group of (local)
diffeomorphisms {ϕt} that ~X generates is such that ϕt(p) = p for all values of t where
this makes sense.
We shall be interested in the case in which ~X is an affine vector field (AVF), KVs
and HVs being then special instances of that, and therefore it satisfies
Xa; bc = R
a
bcdX
d
or equivalently, decomposing Xa;b into is symmetric and skew-symmetric parts hab and
Fab respectively
Xa;b = hab + Fab, hab;c = 0, Fab;c = RabcdX
d
If hab = kgab with k = constant then ~X is a HV (KV if k = 0).
If ~X(p) = 0 then
ϕt∗ : TpM → TpM and is such that ϕt∗ = exp tA
where A denotes a matrix whose elements are Aab = X
a
,b(p). Using then normal
coordinates xa in neighbourhood of p and since the exponential map χ satisfies
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χ ◦ ϕt∗ = ϕt ◦ χ it follows that Xa = Aabxb; that is: the components of ~X are linear
functions of the coordinates in a neighborhood of p. This allows classifying and studying
the properties of the set of fixed points of ~X as well as finding coordinate expressions
for both the metric and ~X as it was done in [1].
We shall next consider the case of a 1+3 decomposable spacetime (M, g) admitting
an AVF ~X which has a fixed point. We shall distinguish between the cases 1+3 spacelike
and 1+3 timelike decomposable, see [12] for details.
2.1. 1+3 spacelike decomposable.
Suppose the line element of (M, g) is given in coordinates xa = η, xB, B = 1, 2, 3 by
ds2 = −dη2 + hAB(xC)dxAdxB (15)
Clearly, ~η = ∂η is a nowhere vanishing covariantly constant KV such that ηa = η,a.
Suppose that an AVF ~X exists which has fixed points and decompose it as ~X = −κ~η+~k,
where ka = (gab + ηaηb)X
b is a vector field tangent everywhere to (V, h). It is then
immediate to see that
ka;b = α(gab + ηaηb) + Fab, (16)
where α ∈ R and Fab is the affine bivector (i.e.: Fab = X[a;b]), hence ~k is a HV (KV if
α = 0) of (V, h).
Now, ~X(p) = 0 implies κ(p)~η(p) = ~k(p) = 0, and it then follows that the only
non-trivial possibility compatible with ~X being either a KV or a HV is that ~X = ~k is
a KV (this corresponds to α = β = γ = 0 and F ab (p) 6= 0), the set of its fixed points
is then a 2-dimensional submanifold (since F ab (p) 6= 0 and is necessarily simple as ~k is
tangent to (V, h)) through p containing the integral curve of ~η that passes through that
point. Other non-trivial possibilities exist but they all correspond to ~X being a proper
AVF.
2.2. 1+3 timelike decomposable.
Choose coordinates xa = η, xB such that
ds2 = dη2 + hAB(x
C)dxAdxB (17)
that is: (V, h) is now Lorentz. Equation (16) and all of the comments in the previous
subsection still hold writing now ~X = κ~η + ~k. In this case there exist some more
possibilities for an AVF ~X with a fixed point, but only two of them give rise to KV
or HV, the rest of them corresponding to ~X being a proper AVF. The ones we are
interested in are:
(i) α = β = γ = 0 and ~X = ~k is then a KV everywhere tangent to (V, h) whose set of
fixed points is a 2-dimensional submanifold through p containing the integral curve
of ~η that passes through that point.
Conformally reducible 1+3 spacetimes 7
(ii) α 6= 0, β = 0 and F ab(p) 6= 0 (necessarily timelike). Then ~k 6= 0 is a proper HV on
(V, h) vanishing at p (which is then necessarily isolated in (V, h)). ~X is a HV and
has an isolated zero at p in the hypersurface η = −γ/α.
3. Isometry Groups on (V, h)
We wish to enumerate all relevant isometry groups on three-dimensional manifolds (V, h)
of either signature. Isometry groups will be denoted as Gr, r being as usual the dimension
of the group (and that of the associated algebra). Note that a Gr on (V, h) will lead to
a Gr+1 on (M, gˆ) on account of the existence of the KV ∂η. However, in the case of a
pp-wave with (V, h) conformally flat, but not of constant curvature, a Gr on (V, h) leads
to a Gr+2 on (M, gˆ). We denote by a slash (‘/ ’) the covariant derivative with respect to
the three-metric h.
The isometry groups Gr admitted by three-dimensional spaces (V, h) of either
signature are as follows. We first consider the case with a G1 acting on null orbits
and then a G1 acting on non-null orbits. Developing this, we consider G2 acting on non-
null orbits, and G2 acting on null orbits (there are three distinct cases, see section 3.3).
When we come to consider the G3 algebras we must distinguish between those which
admit a G2 subalgebra and those which do not. Those G3 that do admit a G2 subalgebra
can be derived from those metrics admitting an abelian G2 or non-abelian G2 structure,
with either null or non-null orbits. Finally, every G4 admits a G3 subalgebra and so
every 3-space admitting a G4 structure can be derived from an appropriate 3-space
metric admitting a G3.
The isometry structures on (V, h) can be deduced from Petrov’s work (chapter 5 of
[13]) on four-dimensional manifolds. However, this needs to be refined for the case of
reducible 1+3 spacetimes. G3 on two-dimensional null orbits are also examined in detail
in Barnes [14]. The G3 acting transitively on (V, h) correspond to the Bianchi types, see
[6]. The group actions on three-dimensional null orbits are irrelevant for a reducible 1+3
spacetime. There are no G5 groups with three-dimensional orbits (Fubini’s Theorem,
Theorem 57.1 of [15], Hall [16]). Of course, if a (V, h) admits a G6 then it is necessarily
a space of constant curvature and the corresponding 1+3 spacetime will be conformally
flat and need not be considered here. The Lie algebras are shown in table 1. Any
conformally reducible 2+2 spacetimes obtained in this analysis can be discarded since
they are treated in [1].
We will treat separately the cases of null orbits and non-null orbits. The results
are summarized in table 2.
3.1. (V, h) admits a G1 on null orbits.
Let ~l be a null KV; i.e.: lAlA = 0 and put lA;B = FAB its associated Killing
bivector. Choose two other vector fields to complete a null triad, say {~l, ~n, ~x} such
that: lAlA = n
AnA = 0, l
AnA = −1, xAxA = 1 and the remaining products are zero.
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Table 1. The Lie algebra structures taken from section 10 of [13]. The quantities p
(p2 < 4), q (q 6= 0, q 6= 1), s and cαi are real constants, where i = 1, 2, 3, α = 1, 2, 3, 4.
It can be seen by inspection that every 4-dimensional algebra admits a 3-dimensional
subalgebra with basis ~X1, ~X2, ~X3.
r Algebra [ ~X1, ~X2] [ ~X1, ~X3] [ ~X2, ~X3] [ ~X1, ~X4] [ ~X2, ~X4] [ ~X3, ~X4]
2 I 0 - - - - -
2 II ~X1 - - - - -
3 I 0 0 0 - - -
3 II 0 0 ~X1 - - -
3 III 0 ~X1 0 - - -
3 IV 0 ~X1 ~X1 + ~X2 - - -
3 V 0 ~X1 ~X2 - - -
3 V Iq 0 ~X1 q ~X2 - - -
3 V IIp 0 ~X2 − ~X1 + p ~X2 - - -
3 V III ~X1 2 ~X2 ~X3 - - -
3 IX ~X3 − ~X2 ~X1 - - -
4 Is 0 0 ~X1 s ~X1 ~X2 (s− 1) ~X3
4 II 0 0 ~X1 2 ~X1 ~X2 ~X2 + ~X3
4 IIIp 0 0 ~X1 p ~X1 ~X3 − ~X2 + p ~X3
4 IV 0 0 ~X2 ~X1 0 0
4 V 0 ~X1 ~X2 ~X2 − ~X1 0
4 V I 0 0 0 cα1
~Xα c
α
2
~Xα c
α
3
~Xα
4 V II ~X1 2 ~X2 ~X3 0 0 0
4 V III ~X3 − ~X2 ~X1 0 0 0
Table 2. Canonical metric forms for (M, gˆ) from (V, h) admitting G1. The term
hypersurface orthogonal is abbreviated to h.o.. ǫ0 = ±1 and ǫ1 = ±1 are not both
negative.
Algebra (V, h) Spacetime metric/G2 basis Condition
G1 on N1 (22) ds2 = ǫ0dη2 + P−2(u, x)dx2 ǫ0w2 > 0
−2du[w(u, x)dv +H(u, x)du]
~X0 = ∂η, ~l = ∂v
G1 on S1 or T1 (25) ds2 = ǫ0dη2 +H(u,w)(ǫ1du2 + ǫ2dw2) ǫ0ǫ1H(u,w)
( ~X is not h.o.) +2K(u,w)dvdw + L(u,w)dv2 [K2(u,w)− ǫ2L(u,w)H(u,w)] > 0
~X0 = ∂η, ~X = ∂v
G1 on S1 or T1 (26) ds2 = ǫ0dη2 +A(u,w)du2 ǫ0A(u,w)B(u,w)C(u,w) < 0
( ~X is h.o.) +B(u,w)dv2 + C(u,w)dw2
~X0 = ∂η, ~X = ∂v
From (lAlA);B = 0 it follows l
AFAB = 0 and therefore
FAB = α (lAxB − xAlB)⇒ l[AlB;C] = 0 (18)
that is: ~l is a null KV which is hypersurface orthogonal and geodesic (the latter follows
from the above form for the Killing bivector).
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It then follows that one may choose coordinates v, u, x so that
~l = ∂v, lAdx
A = −w(u, x)du (19)
dσ2 = P−2dx2 − 2du (wdv −mdx+Hdu) (20)
where the metric functions P,w,m,H depend on u, x. (See [6], p 380).
Notice that one can still perform the following coordinate changes that preserve the
form of ~l and lAdx
A, namely: v = v′, u = u′ and x = f(u′, x′); by performing one such
coordinate change, the line element reads (dropping primes for convenience):
dσ2 = P−2f 2,xdx
2 + 2f,x
(
m+ f,uP
−2
)
dudx
+
(
P−2f 2,u + 2mf,u − 2H
)
du2 − 2wdudv (21)
and it follows that f can be chosen so that m+ f,uP
−2 = 0. Rewriting 2H +m2P 2 as
2H the metric becomes
dσ2 = P−2(u, x)dx2 − 2du [w(u, x)dv +H(u, x)du] (22)
and the null KV is given by equation (19).
The 3-space (V, h) with metric (22) admits only the KV ~l = ∂v for general functions
P (u, x), w(u, x) and H(u, x) and the corresponding spacetime (M, gˆ) admits a G2 only.
However, if ~l is covariantly constant then w(u, x) is a constant that can be rescaled to
unity and (M, gˆ) is a 1+3 pp-wave spacetime with metric given by equation (7). In
this case, although (V, h) admits only a G1, the corresponding (M, gˆ) admits a G3, the
additional KVs being
~X2 = ∂η, ~X3 = η∂v + u∂η.
If, in addition, functions f(u), g(u) can be found such that H(u, x) satisfies equation
(8) with ρ 6= 0, i.e., equation (9), then (V, h) admits a S2 with the SCKV given by
equation (12) and (M, gˆ) admits a S4 ⊃ G3. However, if ρ = 0 then (V, h) admits a H2
and (M, gˆ) admits a H4 ⊃ G3. Thus the condition that ~l is covariantly constant implies
that the dimension of the conformal algebra of (M, gˆ) is two more than that of (V, h),
as mentioned earlier.
3.2. (V, h) admits a G1 on non-null orbits.
Let ~X be a non-null KV, i.e.,
XA/B = FAB, (23)
where FAB = −FBA is the Killing bivector. There are two possibilities:
(i) ~X is not hypersurface orthogonal (h.o.). Assuming one is not at a fixed point, one
can choose an adapted coordinate system, say u, v, w such that ~X = ∂v, and the
metric reads then of the form
dσ2 = hAB(u, w)dx
AdxB. (24)
The coordinate change v′ 7→ v + f(u, w) allows one to set h′vw = 0 without altering
the form of the KV ~X and a transformation of the form u = g(u′, w′), w = h(u′, w′)
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can be used to render the 2-metric in the u, w plane in an explicitly conformally
flat form. Thus, dropping the primes, the metric of (V, h) can be written as
dσ2 = H(u, w)(ǫ1du
2 + ǫ2dw
2) + 2K(u, w)dvdw+ L(u, w)dv2 (25)
(ii) ~X is h.o., i.e. X[AXB/C] = 0. Then, using the metric (25), we find that
6X[AXB/C] = (LK,u −KL,u)ǫABC
with ǫuvw = +1. Thus (LK,u − KL,u) = 0 which implies that K(u, w) =
f(w)L(u, w) for some function f(w). Substituting this into metric (25), making
the transformation v = v′ − ∫ f(w)dw, and dropping the primes, the metric of
(V, h) takes the diagonal form
dσ2 = A(u, w)du2 +B(u, w)dv2 + C(u, w)dw2. (26)
3.3. (V, h) admits a group G2 of isometries.
A group G2 can act on two-dimensional spacelike (S2), timelike (T2) or null (N2) orbits,
and in each case there exist two inequivalent structures; namely
G2I : [ ~X, ~Y ] = 0 G2II : [ ~X, ~Y ] = k ~X, (27)
where ~X, ~Y are two independent KVs generating the group and k is a constant that can
be set equal to unity without loss of generality.
There are four sub-cases (a) − (d) according to the nature of the G2 orbits. Type
(a) has non-null orbits S2 or T2, types (b) − (d) have null orbits. Type (b) contains
a subgroup G1 generated by a null KV, type (c) has no null subgroup G1, with a null
vector orthogonal to the orbits of the G2, and type (d) has no null subgroup G1, with
a null vector in the orbits of the G2. Some of the (V, h) metrics found in this section
correspond to pp-wave (M, gˆ) spacetimes and, in general, such (V, h) admit a Gr with
r > 2. However, they are included here because they arise naturally in our search for
(V, h) admitting a G2.
This section is organised in the following way: The abelian and non-abelian cases
are dealt with separately, considering each sub-case (a)− (d) as follows:
G2
✏✏✏✏✏✏✏✏✮
G2I
PPPPPPPPq
G2II
 
 
 
 
 ✠
✂
✂
✂
✂
✂✌
❇
❇
❇
❇
❇◆
❅
❅
❅
❅
❅❘
(a) (b) (c) (d)
 
 
 
 
 ✠
✂
✂
✂
✂
✂✌
❇
❇
❇
❇
❇◆
❅
❅
❅
❅
❅❘
(a) (b) (c) (d)
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3.3.1. The abelian case, G2I In the following three sub-cases (a), (b) and (c) we may
choose coordinates such that ~X = ∂v, ~Y = ∂w, so that the metric of (V, h) is of the form
dσ2 = huu(u)du
2 + 2huv(u)dudv + 2huw(u)dudw
+ hvv(u)dv
2 + 2hvw(u)dvdw + hww(u)dw
2 . (28)
(a) (V, h) admits a group G2I acting on non-null orbits S2 or T2. We can use a
coordinate transformation of the form
v 7→ v + f(u), w 7→ w + g(u) (29)
to eliminate the huv and huw terms from the metric (28) provided that hvvhww−(hvw)2 6=
0. Rescaling the u-coordinate the metric takes the form
dσ2 = ǫ1du
2 + A(u)dv2 + 2B(u)dvdw + C(u)dw2 . (30)
If one of the KVs is h.o. then, by an argument similar to that in section 3.2, the metric
of (V, h) can be diagonalized, i.e.,
dσ2 = ǫ1du
2 + A(u)dv2 + C(u)dw2. (31)
Note that, in equation (30), if A(u) = 0 (equivalently C(u) = 0), then ~X1 = ∂v
(equivalently ~X2 = ∂w) is a non-covariantly constant null vector and ~X1, ~X2 are KVs
(see section 5). If, in addition, B(u) in equation (30) is a constant then ~X1 = ∂v is
covariantly constant and (V, h) is a 3-dimensional pp-wave spacetime admitting a G2I
acting on non-null orbits, and so does not contradict the statement in (b) below. The
coordinate change u 7→ x, w 7→ −u transforms the metric of (V, h) into
dσ2 = −2H(x)du2 − 2dudv + dx2. (32)
The corresponding spacetime (M, gˆ) is an isometry class 8 (ǫ = 0) pp-wave solution [11]
admitting a G4 with basis
~X1 = ∂v, ~X2 = ∂u, ~X3 = ∂η, ~X4 = η∂v + u∂x. (33)
In the special case when H(x) = xn, n = constant, there is an additional HV given by
~H = 1
2
(2− n)u∂u + 12(2 + n)v∂v + x∂x + η∂η (34)
with ψ = 1 and (M, gˆ) admits a H5 ⊃ G4. If n = −2 there is a further symmetry,
namely a SCKV of the form
~S = u2∂u +
1
2
(x2 + η2)∂v + ux∂x + uη∂η (35)
so that (M, gˆ) admits a S6 ⊃ H5 ⊃ G4. If n = 2, (V, h) is the special case (iii) of the
following subsection (b) and admits a H7 ⊃ G6. In this case there exists a group G2I on
null orbits, but ~X2 = ∂u does not lie on a null orbit.
Conformally reducible 1+3 spacetimes 12
(b) (V, h) admits a group G2I acting on null orbits N2 containing a subgroup G1 generated
by a null KV This is clearly a special case of the one discussed in section 3.1, but it
is nevertheless an interesting case to be analyzed. Let the null KV be ~l and suppose
that ~X is another KV which generates the group G2 along with ~l. It is then easy to
show that ~X must be spacelike and orthogonal to ~l for if any of these two conditions
failed, a second null vector, independent of ~l, would exist at every point on the orbits
thus contradicting the hypothesis that they are null.
Now, from lAXA = 0 and Killing’s equation for both XA and lA it follows
[~l, ~X]A = −2lA;BXB
Recalling now section 3.1, we may write lA;B = α(lAxB − xAlB) where xAxA = 1 and
xAlA = 0. It is now easy to show‡ that ~x can be chosen parallel to the KV ~X , say
~X = λ~x. The above commutator gives then:
[~l, ~X ]A = −2αλlA
and the two inequivalent Lie algebra structures arise then depending on the value of
−2αλ. If it is non-zero, then it must be constant and we have a G2II structure which
we discuss later. If it is zero, which implies α = 0, then ~l is covariantly constant, in
which case (M, gˆ) is a pp-wave spacetime with metric of the form (7). However, rather
than use this metric, it is more convenient to note that the group is abelian (G2I) and
we can set up coordinates such that ~l = ∂v and ~X = ∂x, then lAl
A = lBX
B = 0 together
with the fact that they are KVs, leads immediately to the metric of (V, h) in the form
dσ2 = P−2(u)dx2 − 2ω(u)dudv + 2m(u)dudx− 2H(u)du2. (36)
Rescaling u so that ω(u) = 1 and changing x 7→ x − ∫ m(u)P 2(u)du, replacing
2H +m(u)P 2(u) by 2H(u) the metric becomes
dσ2 = P−2(u)dx2 − 2dudv − 2H(u)du2, (37)
a form that will be useful later. The KVs ~l = ∂v and ~X = ∂x are unchanged and the
metric admits a third KV, namely ~Y = x∂v+u∂x and a HV, ~Z = (2v+2
∫
H(u)du)∂v+
x∂x, and thus admits a H4 ⊃ G3 on orbits N2. In fact, defining new coordinates by
u 7→ u, x 7→ P (u)x, v 7→ v −
∫
H(u)du+ 1
2
P−1(u)P (u),ux
2
the metric becomes
dσ2 = −A(u)x2du2 − 2dudv + dx2, (38)
where A(u) = P (u)−1P (u),uu − 2P−2(u)(P (u),u)2. The corresponding reducible 1+3
spacetime (M, gˆ), i.e.,
dσ2 = −A(u)x2du2 − 2dudv + dx2 + dy2 (39)
‡ e.g.: choose a null triad lA, nA, xA such that −lAnA = xAxA = 1 and the rest of the products zero.
Now XA = alA + cxA, and a null rotation around lA can be used to set XA ∝ xA.
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is a special case of an isometry class 10 pp-wave spacetime [11]. For arbitrary A(u),
(M, gˆ) admits a H6 ⊃ G5. The five KVs are
~X1 = ∂v, ~X2 = f(u),ux∂v + f(u)∂x, ~X3 = g(u),ux∂v + g(u)∂x,
~X4 = y∂v + u∂y, ~X5 = ∂y (40)
where f(u), g(u) are independent solutions of the differential equation
C(u),uu + A(u)C(u) = 0,
and the HV is
~H = 2v∂v + x∂x + y∂y.
For certain special forms of A(u) there exists an additional symmetry. From table 4 of
reference [11] we find that for a 1+3 pp-wave spacetime the only possible choices for
A(u) leading to an additional symmetry are:
(i) A(u) = (u2 + δ)−2 which results in a SCKV given in (V, h) by
~S = (u2 + δ)∂u +
1
2
x2∂v + ux∂x
and in (M, gˆ) by
~S = (u2 + δ)∂u +
1
2
(x2 + η2)∂v + ux∂x + uη∂η
so that (M, gˆ) admits a S7 ⊃ H6 ⊃ G5. This is an isometry class 10(ii) spacetime in the
classification of [11].
(ii) A(u) = αu−2, α = constant, which results in a KV given by ~Y = u∂u− v∂v, so
that (V, h) admits a H5 ⊃ G4 and (M, gˆ), which is an isometry class 11 spacetime [11],
admits a H7 ⊃ G6.
(iii) A(u) = α, constant, which results in the KV ~X = ∂u so that (V, h) admits a
H5 ⊃ G4. (M, gˆ) admits a H7 ⊃ G6 and is an isometry class 13 spacetime [11].
(c) (V, h) admits a group G2I acting on null orbits N2 with no null subgroup G1, with a
null vector orthogonal to the orbits of the G2. In this case the metric (28) satisfies
hvvhww − (hvw)2 = 0 (41)
so that the (v, w) space is degenerate. The coordinate transformations (29) cannot be
used to eliminate huv and huw, but can be used to eliminate huu and huv to obtain
dσ2 = 2dudw + (A(u)dv +B(u)dw)2 , (42)
where A(u) 6= 0 for non-degeneracy. We note that in this case there exists a null vector
orthogonal to the orbits of the G2. The null vector, ∂u, is orthogonal to the null 2-space
spanned by v and w.
Note that if B(u) = 0 or if B(u) and A(u) are proportional to each other, a simple
coordinate change transforms the metric into precisely the form (38). Thus (M, gˆ) is
the special isometry class 10 pp-wave spacetime considered in detail in case (b) above.
In further consideration of the 3-space with metric (42) we will assume that B(u) is
neither zero or proportional to A(u).
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Table 3. The reducible 1+3 spacetimes (M, gˆ) with (V, h) metrics admitting an
abelian G2. ǫ0 = ±1 and ǫ1 = ±1 are not both negative. The type G2I(b) cannot
occur, since imposition of this condition leads to a G3 on (V, h).
Algebra (V, h) Spacetime metric/G3 basis Condition
G2I(a) (30) ds2 = ǫ0dη2 + ǫ1du2 +A(u)dv2 + 2B(u)dvdw + C(u)dw2 ǫ0ǫ1(A(u)C(u)−B2(u))
~X0 = ∂η, ~X = ∂v, ~Y = ∂w < 0
G2I(c) (42) ds2 = ǫ0dη2 + 2dudw + (A(u)dv +B(u)dw)2 ǫ0A2(u) > 0
~X0 = ∂η, ~X = ∂v, ~Y = ∂w
G2I(d) (43) ds2 = ǫ0dη2 + (A(u)w2 − 2B(u)w + C(u))du2 +A(u)dv2 ǫ0A(u)D2(u) > 0
−2(A(u)w −B(u))dudv + 2D(u)dudw
~X0 = ∂η, ~X = ∂v, ~Y = u∂v + ∂w
(d) (V, h) admits a group G2I acting on null orbits N2 with no null subgroup G1, with
a null vector in the orbits of the G2. If there exists a null vector in the orbits of the
G2 then we must choose coordinates such that ~X = ∂v is one KV and require a second
non-null KV ~Z satisfying [ ~X, ~Z] = 0. We choose ~Z = u∂v + ∂w. Starting with the
general metric for (V, h), applying the Killing equations for ~X and ~Z, and making a
coordinate transformation of the form v 7→ v + f(u) leads to a metric for (V, h) of the
form
dσ2 = (A(u)w2 − 2B(u)w + C(u))du2 − 2(A(u)w −B(u))dudv
+ A(u)dv2 + 2D(u)dudw. (43)
The corresponding reducible 1+3 spacetime (M, gˆ) is equivalent to metric (29.4) in [13].
The results of this section are summarised in table 3.
3.3.2. The non-abelian case, G2II We set k = 1 in (27), i.e., the group structure is
[ ~X, ~Y ] = ~X . In the following three sub-cases (a), (b) and (c) we choose coordinates v,
w adapted to the orbits such that ~X = ∂v, ~Y = v∂v + ∂w. It is then easy to see that the
metric takes the form
dσ2 = huu(u)du
2 + 2huv(u)e
−wdudv + 2huw(u)dudw
+ hvv(u)e
−2wdv2 + 2hvwe
−wdvdw + hww(u)dw
2. (44)
(a) G2II acting on non-null orbits S2 or T2. We can use a coordinate transformation
of the form
v 7→ v + f(u)ew, w 7→ w + g(u) (45)
to eliminate the huv and huw terms from the metric (44) provided that hvvhww−(hvw)2 6=
0. Rescaling the u-coordinate the metric takes the form
dσ2 = ǫ1du
2 + A(u)e−2wdv2 + 2B(u)e−wdvdw + C(u)dw2. (46)
If ~X is a hypersurface orthogonal KV; then again 6X[AXB;C] = (AB,u−BA,u)ǫABC = 0
implies that B(u) = aA(u) and the coordinate change v = v′ − aew′ and w = w′ allows
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setting B(u) = 0. If ~Y is hypersurface orthogonal, then
6Y[AYB;C] = e
−w[v2e−2w(AB,u − BA,u) + ve−w(AC,u − CA,u)
+(BC,u − CB,u)]ǫABC = 0 (47)
implies B(u) = aA(u) and C(u) = bA(u) for some constants a, b. The above change
of coordinates (along with a constant re-scaling of the coordinate w) produces then the
following line element:
dσ2 = ǫ1du
2 + A(u)
[
e−2wdv2 + dw2
]
. (48)
Note that this implies that (M, gˆ) is conformally related to a reducible 2+2 spacetime.
Thus we consider only the case in which ~X is not h.o., i.e., metric (46).
Note that if A(u) = 0 in equation (46), the KV ~X = ∂v is a non-covariantly
constant null vector. If, in addition, B(u) is a constant, which we can scale to unity,
then ~X is covariantly constant and (V, h) is a 3-dimensional pp-wave space with metric
dσ2 = du2 + 2e−wdvdw + C(u)dw2. The transformations
u 7→ x, w 7→ − ln |u|, v 7→ v
change this metric into the form
dσ2 = dx2 − 2dudv − 2K(x)u−2du2 (49)
and the corresponding (M, gˆ) is an isometry class 5 pp-wave spacetime [11]. For an
arbitrary K(x), (v, h) admits only the two KVs
~X1 = ∂v, ~X2 = u∂u − v∂v.
There are two special cases of (V, h) that admit an additional symmetry:
(i) If K(x) = αekx + 2k−1x, where α, k are constants, there is a third KV, ~X3,
given by
~X3 = ∂u + 2k
−2(1− kx)u−2∂v + 2k−1u−1∂x
and (V, h) admits a G3V .
(ii) If K(x) = α ln |x|, where α is a constant, the additional symmetry is a SCKV
given by
~S = u2∂u + (
1
2
x2 − α ln |u|)∂v + ux∂x
with ψ = u, so that (V, h) admits a S3 ⊃ G2. The corresponding (M, gˆ) admits the
SCKV
~S = ηu∂η + u
2∂u + [
1
2
(x2 + η2)− α ln |u|]∂v + ux∂x
which corresponds to the expression (10) with k = 0, g(u) = −α ln |u|, f(u) = 0.
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(b) G2II acting on null orbits N2 containing a null subgroup G1. We set up coordinates
so that ~l = ∂v and ~X = v∂v + ∂x, then lAl
A = lAX
A = 0 together with the fact that
they are KV implies
dσ2 = P−2(u)dx2 − 2e−xdudv − 2H(u)du2. (50)
Unlike the corresponding G2I case, (V, h) does not admit, in general, any further KV.
In fact the 3-space (50) is conformally related to the pp-wave 3-space with metric (37)
as can be seen by making the coordinate transformation
u 7→ u, v 7→ v + 1
2
P−1(u)P (u),ux
2, x 7→ 1
2
P (u)x
which changes (50) into
dσ2 = 4P−2(u)x−2[dx2 − 2dudv −A(u)x2du2] (51)
where A(u) = −2P−2(u)(P (u),u)2+P−1(u)P (u),uu+ 12H(u)P 2(u). The conformal factor
4P−2(u)x−2 leaves ~X1 = ∂v as a KV and changes the HV, ~H = 2v∂v + x∂x into a KV,
but all other KVs of (37) are transformed into proper CKVs of (51), which are not
symmetries of the corresponding (M, gˆ). Note that if P is a constant we can rescale the
coordinate x so that the metric takes the form
dσ2 = −2e−2axdudv − 2H(u)du2 + dx2 (52)
where a is a constant. In this case (V, h) is a 3-space of constant curvature. Thus the
corresponding (M, gˆ) is conformally flat. The transformation
eax 7→ a((x′)2 + (y′)2)12 , y 7→ 1
a
tan−1 y
′
x′
u 7→ u′ v 7→ av′
changes the metric of (M, gˆ) into (dropping the primes)
dσ2 = (x2 + y2)−1[−2dudv − 2H(u)(x2 + y2)du2 + dx2 + dy2] (53)
where the quantity in the square brackets is the standard metric for the conformally flat
pp-wave spacetime. However, the spacetime with metric (53) is not a pp-wave spacetime
as it does not admit a covariantly constant vector.
(c) G2II acting on null orbits N2 with no null subgroup G1, with a null vector orthogonal
to the orbits of the G2. In this case the metric (44) satisfies equation (41) so that, again,
the (v, w) space is degenerate. We use the coordinate transformations (45) to eliminate
huu and huv and, rescaling the u-coordinate, we obtain
dσ2 = 2dudw + [A(u)e−wdv +B(u)dw]2. (54)
We note that in this case there exists a null vector orthogonal to the orbits of the
G2. The null vector, ∂u, is orthogonal to the null 2-space spanned by v and w.
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Table 4. The reducible 1+3 spacetimes (M, gˆ) with (V, h) metrics admitting a non-
abelian G2. ǫ0 = ±1 and ǫ1 = ±1 are not both negative.
Algebra (V, h) Spacetime metric/G3 basis Condition
G2II(a) (46) ds2 = ǫ0dη2 + ǫ1du2 +A(u)e−2wdv2 + 2B(u)e−wdvdw ǫ0ǫ1(A(u)C(u)−B2(u))
+C(u)dw2 < 0
~X0 = ∂η, ~X = ∂v, ~Y = v∂v + ∂w
G2II(b) (50) ds2 = ǫ0dη2 + P−2(u)dw2 − 2e−wdudv − 2H(u)du2 ǫ0 > 0
~X0 = ∂η, ~X = ∂v, ~Y = v∂v + ∂w
G2II(c) (54) ds2 = ǫ0dη2 + 2dudw + (A(u)e−wdv +B(u)dw)2 ǫ0A2(u) > 0
~X0 = ∂η, ~X = ∂v, ~Y = v∂v + ∂w
G2II(d) (55) ds2 = ǫ0dη2 + 2dudv + 2A(u)e−vdudw +B(u)e−2vdw2 ǫ0B(u) > 0
~X0 = ∂η, ~X = ∂w, ~Y = ∂v + w∂w
(d) G2II acting on null orbits N2 with no null subgroup G1, with a null vector in the
orbits of the G2. In this case we could choose coordinates so that ~Y is one KV and find
another non-null KV, ~Z, such that [~Y , ~Z] = ~Y . Instead we choose coordinates such that
~X = ∂v is the null vector and ~Y = ∂w, ~Z = ∂v+w∂w are the two non-null KV satisfying
[~Y , ~Z] = ~Y . The basic metric is the analog of metric (44) with v and w interchanged.
From equation (41) and the fact that ~X is null, it follows that hvv = hvw = 0, and
a coordinate transformation w 7→ w, v 7→ v + f(u), together with a rescaling of the
u-coordinate leads to the metric
dσ2 = 2dudv + 2A(u)e−vdudw +B(u)e−2vdw2. (55)
The results of this section are summarised in table 4.
3.4. (V, h) admits a group G3 of isometries acting on two-dimensional orbits.
In this case the orbits are of constant curvature and they can be either null or non-null.
If they are null, then it can be shown that a null KV exists necessarily, and therefore
they are special cases of that discussed in section 3.1, see also [13] and [14]. The line
element can be written either in the form (37) with KVs
~l = ∂v, ~X = ∂x, ~Y = x∂v + u∂x
or in the transformed form (38).
If the orbits are non-null, then their normal is geodesic and invariant under the
isometry group. Furthermore, since the orbits are of constant curvature, we can
immediately write down the forms of the line element, (see for instance [6], p227):
dσ2 = ǫ1du
2 + Y 2(u)
[
dx2 + ǫ2Σ
2(x, k)dy2
]
(56)
where ǫ1 = ±1, ǫ2 = ±1, and Σ(x, k) = sin x, x or sinh x for k = 1, 0,−1 respectively.
However, the spacetimes (M, gˆ) corresponding to the 3-space metric (56) are conformally
reducible 2+2 spacetimes and can be discarded.
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3.5. G3 of isometries acting transitively on (V, h).
We consider separately G3 ⊃ G2 and G3 6⊃ G2. Each 3-space metric admitting a G3 ⊃ G2
can be obtained from the appropriate 3-space metric admitting a G2, in which case,
using the coordinate system {u, v, w} from section 3.3, we shall take the general form
for the third KV to be
~X3 = X
u(u, v, w)∂u +X
v(u, v, w)∂v +X
w(u, v, w)∂w.
There is only one G3 type which does not admit a G2 subalgebra, that being type G3IX .
The following diagram illustrates the analysis of the G3 structures.
G3 on V 3
✟✟✟✟✟✙
G2 subalgebra
❍❍❍❍❍❥
no G2 subalgebra
✟✟✟✟✟✟✟✟✟✟✙
✡
✡
✡
✡
✡✢
❏
❏
❏
❏
❏❫
❍❍❍❍❍❍❍❍❍❍❥
(a) (b) (c) (d)
❄ ❄ ❄ ❄
types I-VIII type VIII types I-VIII types I-VIII
❄
type IX
The case G3 ⊃ G2I (b) need not be considered here because, as was shown in section
3.3.1, imposing the G2I (b) condition automatically admits a G3 onN2. The only G3 ⊃ G2
(b) structure which needs to be considered here is the G3V III ⊃ G2II (b).
3.5.1. G3 (from G2 case (a)) Within the G3 ⊃ G2 only the type G3V III has a non-
abelian G2. The 3-space admitting an abelian G2 is given by equation (30) with basis
~X1 = ∂v, ~X2 = ∂w.
G3I This is flat 3-space.
G3II The 3-space is
dσ2 = ǫ1du
2 + (dv − udw)2 + kdw2 (57)
where k 6= 0 is a constant. The G3 basis is
~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u + w∂v
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G3III The 3-space is
dσ2 = ǫ1a
2du2 + αe−2udv2 + 2βe−udvdw + γdw2 (58)
where a 6= 0, α, β and γ are constants such that αγ − β2 6= 0. If α = γ = 0 then (M, gˆ)
is conformally flat. The G3 basis is
~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u + v∂v
G3IV The 3-space is
dσ2 = ǫ1a
2du2 + e−2u[αdv2 − 2(αu− β)dvdw + (αu2 − 2βu+ γ)dw2] (59)
where a 6= 0, α, β and γ are constants such that αγ − β2 6= 0. The G3 basis is
~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u + (v + w)∂v + w∂w
G3V The 3-space is
dσ2 = ǫ1a
2du2 + e−2u[αdv2 + 2βdvdw + γdw2] (60)
where a 6= 0, α, β and γ are constants such that αγ − β2 6= 0. If α = γ = 0 then (M, gˆ)
is conformally flat. The G3 basis is
~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u + v∂v + w∂w
G3V Iq The 3-space is
dσ2 = ǫ1a
2du2 + αe−2udv2 + 2βe−(1+q)udvdw + γe−2qudw2 (61)
where a is a non-zero constant and α, β and γ are constants such that αγ − β2 6= 0.
The G3 basis is
~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u + v∂v + qw∂w
G3V IIp The 3-space is given by
dσ2 = ǫ1a
2du2 + e−pu(D(u)dv2 + 2E(u)dvdw + F (u)dw2) (62)
D(u) = 1
2
[2 + ((p2 − 2)c1 + spc2) cos(su) + ((p2 − 2)c2 − spc1) sin(su)](63)
E(u) = 1
2
[p+ (sc2 + pc1) cos(su)− (sc1 − pc2) sin(su)] (64)
F (u) = 1 + c1 cos(su) + c2 sin(su) (65)
where a is a non-zero constant, c1 and c2 are arbitrary constants and p and s are
constants such that p2 < 4 and s =
√
4− p2, and the metric is non-degenerate. The G3
basis is
~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u − w∂v + (pw + v)∂w
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G3V III In this case we use the metric (46) of the 3-space admitting a non-abelian G2.
We find that
c(A(u)C(u),u + C(u)A(u),u − 2B(u)B(u),u) = 0 (66)
A(u)f(u),u +B(u)g(u),u = 0 (67)
B(u)f(u),u + C(u)g(u),u = −ǫ1c (68)
where c is a constant which is necessarily non-zero else (M, gˆ) is conformal to a 2+2
reducible spacetime, and the functions f(u) and g(u) are given by
f(u) = − 1
2
[cB(u),u + 2C(u)]A
−1(u) (69)
g(u) = 1
2
[cA(u),u + 4B(u)]A
−1(u) (70)
Note that A(u)C(u)− B2(u) 6= 0, and the non-degeneracy condition requires A(u) 6= 0
(since A(u) = 0 implies B(u) = 0). Condition (66) integrates to A(u)C(u)− B2(u) =
k = constant, k 6= 0 and equations (67) and (68) give
f(u),u = ǫ1ck
−1B(u), g(u),u = ǫ1ck
−1A(u)
Differentiating (69) and (70) and equating the expressions for f(u),u and g(u),u to those
above gives
A(u),u = ± A(u)[β − 4ǫ1k−1A(u)− 16kc−2A−2(u)− 8αc−2A−1(u)]1/2(71)
B(u) = − c−1A(u)
[∫
(4kA−2(u) + αA−1(u))du+ β
]
(72)
C(u) = (k +B2(u))A−1(u) (73)
where α and β are arbitrary constants.
The G3 basis is
~X1 = ∂v, ~X2 = v∂v + ∂w,
~X3 = ce
w∂u + [v
2 + e2wf(u)]∂v + [2v + e
wg(u)]∂w (74)
Petrov presents this metric in an alternative coordinate system where the KV ~X3 takes
on a simpler form.
The canonical metric forms admitting transitive G3(a) algebras on (V, h) are listed
in table 5.
3.5.2. G3 (from G2 case (b)) There is only one possibility to consider here, G3V III,
that is, the only algebra type admitting a G2II subalgebra. As noted earlier the case
(b) G2I automatically admits a G3 on N2, which is considered in section 3.4. However,
it is straightforward to show that type G3V III(b) cannot occur since the imposition of
the algebra type on the G2II(b) metric leads to a contradiction.
3.5.3. G3 (from G2 case (c)) The 3-space with abelian G2 is given by equation (42)
with basis
~X1 = ∂v, ~X2 = ∂w.
Note that the metric function A(u) 6= 0 for non-degeneracy.
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Table 5. Reducible 1+3 spacetimes admitting transitive G3 algebras on (V, h), with
orbits of type (a). ǫ0 = ±1 and ǫ1 = ±1 are not both negative. Those metrics which
are conformally reducible 2+2 spacetimes are omitted from the table.
Algebra (V, h) Spacetime metric/G4 basis Condition
G3II(a) (57) ds2 = ǫ0dη2 + ǫ1du2 + (dv − udw)2 + kdw2 ǫ0ǫ1k < 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u + w∂v
G3III(a) (58) ds2 = ǫ0dη2 + ǫ1a2du2 + αe−2udv2 + 2βe−udvdw + γdw2 ǫ0ǫ1a2(αγ − β2) < 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u + v∂v
G3IV (a) (59) ds2 = ǫ0dη2 + ǫ1a2du2 ǫ0ǫ1a2(αγ − β2) < 0
+e−2u[αdv2 − 2(αu − β)dvdw + (αu2 − 2βu+ γ)dw2]
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u + (v + w)∂v + w∂w
G3V (a) (60) ds2 = ǫ0dη2 + ǫ1a2du2 + e−2u[αdv2 + 2βdvdw + γdw2] ǫ0ǫ1a2(αγ − β2) < 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u + v∂v + w∂w
G3V Iq(a) (61) ds2 = ǫ0dη2 + ǫ1a2du2 + αe−2udv2 + 2βe−(1+q)udvdw ǫ0ǫ1a2(αγ − β2) < 0
+γe−2qudw2 q 6= 0, q 6= 1
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~X3 = ~X3 = ∂u + v∂v + qw∂w
G3V IIp(a) (62) ds2 = ǫ0dη2 + ǫ1a2du2 ǫ0ǫ1a2
+e−pu(D(u)dv2 + 2E(u)dvdw + F (u)dw2) (D(u)F (u)− E(u)2)
Functions D(u), E(u), F (u) given by (63) - (65) < 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u − w∂v + (pw + v)∂w p2 < 4
G3V III(a) (46) ds2 = ǫ0dη2 + ǫ1du2 + e−2wA(u)dv2 ǫ0ǫ1(A(u)C(u) −B(u)2)
+2B(u)e−wdvdw + C(u)dw2 < 0
Functions A(u), B(u), C(u) given by (71) - (73) c 6= 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = v∂v + ∂w,
~X3 = ce
w∂u + [v
2 + e2wf(u)]∂v + [2v + e
wg(u)]∂w
G3I This is flat 3-space and so (M, gˆ) is Minkowski spacetime.
G3II Imposing the third KV condition leads to G4I automatically (see metric (109)),
that is, there is no maximal G3II.
G3III The 3-space is
dσ2 = 2dudw + (αe−udv + βdw)2 (75)
where α 6= 0 and β are constants.
~X1 = ∂v, ~X2 = ∂w ~X3 = ∂u + v∂v
G3IV The 3-space is
dσ2 = 2dudw + k2u2[dv + ln |u|dw]2 (76)
where k 6= 0 is a constant, and
~X1 = ∂v, ~X2 = ∂w ~X3 = −u∂u + (v + w)∂v + w∂w
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G3V The 3-space is
dσ2 = 2dudw + u2(βdv + γdw)2 (77)
where β 6= 0 and γ are constants, and
~X1 = ∂v, ~X2 = ∂w ~X3 = −u∂u + v∂v + w∂w
This is a flat 3-space and so (M, gˆ) is Minkowski spacetime.
G3V Iq The 3-space is
dσ2 = 2dudw + [k|u|1/qdv + l|u|dw]2 (78)
where k 6= 0 and l are constants. The G3 basis is
~X1 = ∂v, ~X2 = ∂w ~X3 = −qu∂u + v∂v + qw∂w.
G3V IIp The 3-space is
dσ2 = 2dudw + (A(u)dv +B(u)dw)2 (79)
where the following conditions are satisfied (where Xu = a(u))
a(u)A(u),u +B(u) = 0
a(u)B(u),u −A(u) + pB(u) = 0
A2(u)f(u),u + 1 = 0
a(u),u + A(u)B(u)f(u),u + p = 0 (80)
and
~X1 = ∂v, ~X2 = ∂w, ~X3 = a(u)∂u + (−w + f(u))∂v + (pw + v)∂w
The conditions (80) lead to f(u),u = −A−2(u), a(u),u = B(u)A−1(u)− p and
a(u)a(u),uu − (a(u),u)2 = pa(u),u + 1. (81)
Once a solution for a(u) is determined then A(u), B(u) and f(u) can be found using
[a(u)A(u)],u = −pA(u), B(u) = −a(u)A(u),u, f(u),u = −A−2(u).(82)
For 3-dimensional orbits we require a(u) 6= 0. Note that a(u) = ku, where k is a
constant, is a solution of equation (81) but no real metric exists because equation (81)
and the condition p2 < 4 lead to non-real values for k. The general solution of (81) is
unknown.
G3V III Using the metric (54) of the 3-space with non-abelian G2 we find that the
imposition of this type leads to a contradiction in the Killing equations, and so is not
possible.
The canonical metric forms admitting transitive G3(c) algebras on (V, h) are listed
in table 6.
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Table 6. Reducible 1+3 spacetimes admitting transitive G3 algebras on (V, h), with
orbits of type (c). ǫ0 = +1. Those metrics which are conformally reducible 2+2
spacetimes are omitted from the table.
Algebra (V, h) Spacetime metric/G4 basis Condition
G3III(c) (75) ds2 = ǫ0dη2 + 2dudw + (αe−udv + βdw)2 ǫ0α2 > 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u + v∂v
G3IV (c) (76) ds2 = ǫ0dη2 + 2dudw + k2u2[dv + ln |u|dw]2 ǫ0k2u2 > 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~X3 = −u∂u + (v + w)∂v + w∂w
G3V Iq(c) (78) ds2 = ǫ0dη2 + 2dudw + [k|u|1/qdv + l|u|dw]2 ǫ0k2|u|2/q > 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~X3 = −qu∂u + v∂v + qw∂w q 6= 0, q 6= 1
u 6= 0
G3V IIp(c) (79) ds2 = ǫ0dη2 + 2dudw + (A(u)dv +B(u)dw)2 ǫ0A2(u) > 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, p
2 < 4
~X3 = a(u)∂u + (−w + f(u))∂v + (pw + v)∂w a(u) 6= 0
a(u) given by (81), A(u) and B(u) given by (82)
3.5.4. G3 (from G2 case (d)) The 3-space with abelian G2 is given by the metric (43)
with basis ~X1 = ∂v, ~X2 = u∂v + ∂w. Note that the determinant of this metric is
−A(u)D2(u) so that A(u) 6= 0 and D(u) 6= 0 for non-degeneracy.
G3I This case cannot occur since the third KV is forced to be a linear combination
(with constant coefficients) of ~X1 and ~X2.
G3II Imposing the G3II conditions leads to a G4I(s = 0) solution, that is, no maximal
G3II solution is possible. Details are given in section 3.6.4.
G3III The conditions on the functions are A(u) = αu−2, D(u) = δu−1 where α, δ are
non-zero constants, with B(u), C(u) arbitrary, i.e., the metric of (V, h) is
dσ2 = [αu−2w2 − 2B(u)w + C(u)]du2 − 2[αu−2w − B(u)]dudv
+ αu−2dv2 + 2δu−1dudw. (83)
The basis for the G3 is
~X1 = ∂v, ~X2 = u∂v + ∂w, ~X3 = u∂u + [v + b(u)]∂v + c(u)∂w.
where the functions b(u), c(u) are given by
b(u),u =
1
2αδ
[−2δu3B(u),u − 4δu2B(u) + u4B2(u)− αu2C(u)]
c(u) = 1
2αδ
[u4B2(u)− αu2C(u)]. (84)
Note that u 6= 0 for 3-dimensional orbits. Note the special case in which B(u) = C(u) =
0. Then c(u) = 0 and b(u) is constant. The KV ~X3 = u∂u + v∂v and the metric is
dσ2 = αu−2(wdu− dv)2 + 2δu−1dudw. (85)
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G3IV The metric functions are A(u) = αe2u, D(u) = δeu where α and δ are non-zero
constants, with B(u), C(u) arbitrary, i.e., the metric of (V, h) is
dσ2 = [αe2uw2 − 2B(u)w + C(u)]du2 − 2[αe2uw − B(u)]dudv
+ αe2udv2 + 2δeududw. (86)
The basis for the G3 is
~X1 = ∂v, ~X2 = u∂v + ∂w, ~X3 = −∂u + (v + b(u))∂v + (w + c(u))∂w.
where the fuunctions b(u), c(u) are given by
b(u),u = c(u) + α
−1e−u[B(u)e−u],u,
c(u),u =
1
2αδ
e−u[αC(u)−B2(u)e−2u],u. (87)
In the special case B(u) = C(u) = 0 we have c(u) = c is constant and b(u) = cu + β,
where β is a constant. We can take ~X3 = −∂u + v∂v + w∂w and the metric of (V, h) is
dσ2 = αe2u(wdu− dv)2 + 2δeududw. (88)
G3V This case cannot occur since D(u) = 0 which contradicts the non-degeneracy
condition.
G3V Iq The functions are A(u) = αu2p, D(u) = δup where α and β are non-zero
constants, p = 1/(q − 1) with B(u), C(u) arbitrary. i.e., the metric of (V, h) is
dσ2 = [αu2pw2 − 2B(u)w + C(u)]du2 − 2[αu2pw − B(u)]dudv
+ αu2pdv2 + 2δupdudw. (89)
The basis for the G3 is
~X1 = ∂v, ~X2 = u∂v + ∂w,
~X3 = (1− q)u∂u + (v + b(u))∂v + (qw + c(u))∂w,
where the functions b(u), c(u) are given by
b(u),u = c(u) + α
−1u−2p[(q − 1)uB(u),u + (q − 2)B(u)],
c(u),u =
(q − 1)
2αδ
u−pq[αu2C(u)− B2(u)u2p(q−2)],u. (90)
In the special case B(u) = C(u) = 0 we have c(u) = c is constant and b(u) = cu + β
where β is a constant. Eliminating multiples of ~X1 and ~X2 we have
~X3 = (1− q)u∂u + v∂v + qw∂w.
and the metric of (V, h) is
dσ2 = αu2p(wdu− dv)2 + 2δupdudw. (91)
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G3V IIp The metric functions are
A(u) = α(u2 − pu+ 1)−1 exp[−2pq−1 tan−1((2u− p)/q)],
D(u) = δ(u2 − pu+ 1)−1/2 exp[−pq−1 tan−1((2u− p)/q)], (92)
where α and δ are non-zero constants with B(u), C(u) arbitrary, i.e., the metric of (V, h)
is given by (43) with A(u), D(u) as above. The G3 basis is
~X1 = ∂v, ~X2 = u∂v + ∂w,
~X3 = a(u)∂u + (uv + b(u))∂v + (v + (p− u)w + c(u))∂w
where Xu = a(u) = (u2 − pu+ 1) and the functions b(u), c(u) are given by
a(u)B(u),u + [a(u),u + u]B(u) + (b(u),u − c(u))A(u) +D(u) = 0,
a(u)C(u),u + 2a(u),uC(u) + 2(b(u),u − c(u))B(u) + 2c(u),uD(u) = 0. (93)
The special case with B(u) = C(u) = 0 has c(u) = c is constant and
b(u) = cu− α−1δ
∫
(u2 − pu+ 1)1/2 exp[pq−1 tan−1((2u− p)/q)]du.
Eliminating multiples of ~X1 and ~X2 we have
~X3 = (u
2 − pu+ 1)∂u + (v + (p− u)w)∂w
+
(
uv − α−1δ
∫
(u2 − pu+ 1)1/2 exp[pq−1 tan−1((2u− p)/q)]du
)
∂v.
G3V III In this case we use the metric (55) of the 3-space admitting a non-abelian G2
However, this leads to B(u) = 0 which contradicts the non-degeneracy condition, so this
case cannot occur.
The canonical metric forms admitting transitive G3(d) algebras on (V, h) are listed
in table 7.
3.5.5. G3IX The 3-space and KVs are (from Petrov [13])
dσ2 = 1
2
α[dx2 + sin2 xdy2] + β[− cos(2z)dx2 + cos(2z) sin2 xdxdy]
+ γ[dz2 + cos2 xdy2 + 2 cosxdydz] + δ[− sin(2z)dx2
+ sin(2z) sin2 xdy2 + cos(2z) sin xdxdy] + ǫ[2 cos z sin x cosxdy2
− 2 sin z cosxdxdy − 2 sin zdxdz + 2 cos z sin xdydz]
+ λ[2 sin z sin x cosxdy2 + 2 cos z cosxdxdy + 2 cos zdxdz
+ 2 sin z sin xdydz]. (94)
A basis for the G3 is
~X1 = ∂y,
~X2 = cos y∂x − cot x sin y∂y + sin y csc x∂z,
~X3 = − sin y∂x − cotx cos y∂y + cos y csc x∂z.
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Table 7. Reducible 1+3 spacetimes admitting transitive G3 algebras on (V, h), with
orbits of type (d). ǫ0 = ±1. Those metrics which are conformally reducible 2+2
spacetimes are omitted from the table.
Algebra (V, h) Spacetime metric/G4 basis Condition
G3III(d) (83) ds2 = ǫ0dη2 + [αu−2w2 − 2B(u)w + C(u)]du2 ǫ0αδ2 > 0
−2[αu−2w −B(u)]dudv + αu−2dv2 + 2δu−1dudw u 6= 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = u∂v + ∂w,
~X3 = u∂u + [v + b(u)]∂v + c(u)∂w, b(u), c(u) given by (84)
G3IV (d) (86) ds2 = ǫ0dη2 + [αe2uw2 − 2B(u)w + C(u)]du2 ǫ0αδ2 < 0
−2[αe2uw −B(u)]dudv + αe2udv2 + 2δeududw
~X0 = ∂η, ~X1 = ∂v, ~X2 = u∂v + ∂w,
~X3 = −∂u + (v + b(u))∂v + (w + c(u))∂w,
b(u), c(u) given by (87)
G3V Iq(d) (89) ds2 = ǫ0dη2 + [αu2pw2 − 2B(u)w + C(u)]du2 ǫ0αδ2u4p > 0,
−2[αu2pw −B(u)]dudv + αu2pdv2 + 2δupdudw q 6= 0, q 6= 1
~X0 = ∂η, ~X1 = ∂v, ~X2 = u∂v + ∂w,
~X3 = (1− q)u∂u + (v + b(u))∂v + (qw + c(u))∂w
b(u), c(u) given by (90)
G3V IIp(d) (43) ds2 = ǫ0dη2 + [A(u)w2 − 2B(u)w + C(u)]du2 ǫ0αδ2(u2 − pu+ 1)−2
−2[A(u)w −B(u)]dudv +A(u)dv2 + 2D(u)dudw > 0,
~X0 = ∂η, ~X1 = ∂v, ~X2 = u∂v + ∂w, ~X3 = (u
2 − pu+ 1)∂u p2 < 4
+(uv + b(u))∂v + (v + (p− u)w + c(u))∂w
A(u), D(u) given by (92), b(u), c(u) given by (93)
3.5.6. G3 (constant curvature 2-space admitting G2) The metric given by (26)
represents a (V, h) which admits at least one hypersurface orthogonal Killing vector.
This metric can be written
dσ2 = ǫ1e
2U(xk)du2 + Ω2(xk)[ǫ2(dx
1)2 + ǫ3(dx
2)2], (95)
where k = 1, 2 and ǫ1, ǫ2 and ǫ3 are either all +1 or at most one of them is −1. Due
to this metric’s properties, it is amenable to further investigation. We consider the
possible situations that arise when the 2-space is a space of constant curvature. In this
case the isometry groups of (V, h) can be determined in a straightforward manner. The
three-dimensional metric is
dσ2 = ǫ1e
2U(y,z)du2 + Ω2(y, z)[ǫ2dy
2 + ǫ3dz
2] .
Consider first the case ǫ2ǫ3 = −1, i.e., the 2-space is of signature zero. If the curvature
of the 2-space is zero the metric of the 2-space can be written [1]
dτ 2 = 2ǫdvdw , (96)
where ǫ = ±1, and if the 2-space is of non-zero curvature ǫλ2 its metric can be written
[1]
dτ 2 =
ǫ4dvdw
λ2(v + w)2
. (97)
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When ǫ2ǫ3 = +1, i.e., the 2-space is of signature +2, the zero-curvature 2-space has
the form
dτ 2 = 2dzdz¯ , (98)
while, if the 2-space is of non-zero curvature ǫλ2 its metric can be written
dτ 2 =
4dzdz¯
λ2(1 + ǫzz¯)2
. (99)
The 3-space metrics corresponding to (96) to (99), respectively, can be written in the
forms
dσ2 = e2F (v,w)du2 + 2ǫdvdw , (100)
dσ2 =
2e2F (v,w)
λ2(v + w)2
(du2 + 2ǫe−2F (v,w)dvdw) , (101)
dσ2 = ǫ1e
2F (z,z¯)du2 + 2dzdz¯ , (102)
dσ2 =
2e2F (z,z¯)
λ2(1 + ǫzz¯)2
(ǫ1du
2 + 2e−2F (z,z¯)dzdz¯) , (103)
where z, z¯ are conjugate complex coordinates and ǫ1 = ±1. If the three KVs of the
2-spaces (96) to (99) are labelled Z1, Z2 and Z3 then, from Killing’s equations the KV
of the 3-spaces (100) to (103) are of the form
~Y = Y u∂u + a(u)Z1 + b(u)Z2 + c(u)Z3 , (104)
where Y u = Y u(u, v, w) or Y u = Y u(u, z, z¯), as appropriate, Zi = Zi(v, w) or
Zi = Zi(z, z¯).
Substituting the expression (104) into Killing’s equations, we find that the function
F satisfies the appropriate Liouville equation and this leads to 3-space solutions
admitting a number of KV. Some of these solutions admit only two KV and are special
cases of the metrics discussed in section 3.3. Some admit four KV, but all of these are
conformally related to reducible 2+2 spacetimes which will not be considered further.
However, several solutions admitting three KV arise and we will now present one of
these solutions for each Bianchi type that arises.
The first example has a metric of the form
dσ2 = H(v, w)du2 − 4
λ2(v + w)2
dvdw .
G3 V IIq=0
H =
k2(v2 + 1)(w2 + 1)
λ2(v + w)2
G2(v, w) , G = tan−1
(
w − v
1 + vw
)
.
The basis vectors for the Lie algebra are
~X1 = ∂u ,
~X2 = 2k
−1G−1 sin ku ∂u + (v
2 + 1) cos ku ∂v − (w2 + 1) cos ku ∂w ,
~X3 = − 2k−1G−1 cos ku ∂u + (v2 + 1) sin ku ∂v − (w2 + 1) sin ku ∂w .
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The following two examples have a metric of the form
dσ2 = H(v, w)du2 +
4
λ2(v + w)2
dvdw .
G3 V III
H =
k2(v2 + 1)(w2 + 1)
µ2λ2(v + w)2
cosh2G(v, w) , G = µ tan−1
(
w − v
1 + vw
)
.
The basis vectors for the Lie algebra are
~X1 = ∂u ,
~X2 = 2k
−1µ tanhG sin ku ∂u − (v2 + 1) cos ku ∂v + (w2 + 1) cos ku ∂w ,
~X3 = − 2k−1µ tanhG cos ku ∂u − (v2 + 1) sin ku ∂v + (w2 + 1) sin ku ∂w .
G3 V Iq=−1
H =
k2(v2 + 1)(w2 + 1)
λ2(v + w)2
G2(v, w) , G = tan−1
(
w − v
1 + vw
)
.
The basis vectors for the Lie algebra are
~X1 = ∂u ,
~X2 = 2k
−1G−1 sinh ku ∂u + (v
2 + 1) cosh ku ∂v + (w
2 + 1) cosh ku ∂w ,
~X3 = 2k
−1G−1 cosh ku ∂u + (v
2 + 1) sinh ku ∂v + (w
2 + 1) sinh ku ∂w .
G3 III
dσ2 = P−1(v)du2 + 2ǫdvdw .
The basis vectors for the Lie algebra are
~X1 = ∂u , ~X2 = −ǫP (v)∂u + u∂w , ~X3 = ∂w .
3.6. G4 of isometries acting multiply transitively on (V, h).
Each G4 algebra contains a G3 subalgebra. Thus each of the 3-spaces admitting a G4 are
specializations of 3-spaces admitting G3.
However, two cases require special mention.
As discussed in sections 3.3.1 and 3.5.2, the G3 ⊃ G2I(b) algebras have 2-dimensional
null orbits and there are no metrics admitting G3 ⊃ G2II(b) algebras. Therefore, it is
only necessary to consider specialisations possessing G2I(b) subalgebras. These are pp-
wave spacetimes.
Metrics admitting G4 algebras with orbit types (a), (c) and (d) are derived from the
appropriate G3 metric for types I − V II. However, Petrov’s type IX metric (94) does
not possess a G2 subalgebra and so cannot be used to classify the G4 metrics according to
the G2 orbit types. Therefore, since the G4V III algebra contains 2-dimensional abelian
subalgebras, we treat the metrics as specialisations of the appropriate G2 metrics.
The following diagram illustrates the analysis of the G4 structures.
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G4 on V 3
✟✟✟✟✟✙
types (a), (c), (d)
❍❍❍❍❍❥
type (b)
✡
✡
✡
✡
✡✢
❏
❏
❏
❏
❏❫
types I-VII
(from G3)
type VIII
(from G2I)
❄
pp-waves
3.6.1. G4 (from G3 ⊃ G2(a)) In this section we derive all (V, h) admitting a G4 with
subalgebra G3 possessing a type (a) G2 subalgebra. We find that the cases G4Is, G4II,
G4IV , G4V and G4V I lead either to conformally reducible 2+2 spacetime, which may
be flat, or have no solution because the Killing equations for the fourth KV lead to a
contradiction. The only cases of interest are G4IIIp and G4V II.
G4IIIp
This case is a specialization of the 3-space of type G3II with metric (57). The condition
for the existence of the fourth KV is p = 0 and ǫ1 = k = +1. Thus only type
G4III(p = 0) is possible. The metric of the 3-space is
dσ2 = du2 + dw2 + (dv − udw)2 (105)
and the metric of (M, gˆ) is
dσ2 = −dη2 + du2 + dw2 + (dv − udw)2.
The G4III(p = 0) basis is
~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u + w∂v,
~X4 = w∂u +
1
2
(w2 − u2)∂v − u∂w.
G4V II
This case is a specialization of the 3-space of type G3V III which has the metric (46),
i.e.,
dσ2 = ǫ1du
2 + e−2wA(u)dv2 + 2B(u)e−wdvdw + C(u)dw2
governed by the equations (66) - (70).
Imposing the conditions [X1, X4] = [X2, X4] = 0 and the KV equations gives a
fourth KV of the form
~X4 = h∂u + ke
w∂v + l∂w
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where h, k and l are constants. If h = 0 we find that either k = l = 0, i.e., ~X4 = 0, or
AC − B2 = 0 which implies that the metric is degenerate. Hence h 6= 0 and we shall
put h = 1. The final condition [X3, X4] = 0 gives
lc = 0, f(u),u + 2lf(u)− kg(u) = 0, g(u),u + lg(u) + 2k = 0.
From the first condition either l = 0 or c = 0. If c = 0 then the corresponding spacetime
(M, gˆ) is a conformally reducible 2+2 spacetime, which we discard. Hence we have l = 0
and the KV equations give
A(u) = A0, B(u) = −kA0u+B0, C(u) = k2A0u2 − 2kB0u+ C0
such that
2k(A0C0 − B20) = ǫ1cA0. (106)
We note that AC − B2 = A0C0 −B20 .
Thus the 3-space is
dσ2 = ǫ1du
2 + A0e
−2wdv2 + 2(−kA0u+B0)e−wdvdw + (k2A0u2 − 2kB0u+ C0)dw2
such that (106) holds. The coordinate transformations u = au′ + k−1A−10 B0, v =
ka(u′e−w+v′/2), w = −w′, where a is a constant, transform dσ2 into the form (dropping
primes)
dσ2 = (ǫ1 + A0k
2)a2du2 + A0k
2a2ewdudv + 1
4
A0k
2a2e2wdv2 +mdw2 (107)
where m = C0 −B20A−10 is a non-zero constant. The G4V II basis is
~X1 = ∂v, ~X2 = v∂v − ∂w, ~X4 = ∂u
~X3 = 2a
−1ǫ1kme
−w∂u + (
1
2
kav2 − 2k−1a−1A−10 me−2w)∂v − kav∂w. (108)
The canonical metric forms admitting transitive G4 algebras on (V, h) are listed in
table 8.
3.6.2. G4 (from G3 ⊃ G2(b)) As shown in section 3.3.1, (V, h) of the form (37) will
admit a G4 provided that either A(u) = αu−2 or A(u) = α, where α is a constant. In
the first case (V, h) admits a G4I if α < 0 or if α > 4, a G4II if α = 4, or a G4III if
0 < α < 4. In the second case (V, h) admits a G4I or a G4III depending on whether
α < 0 or α > 0, respectively.
3.6.3. G4 (from G3 ⊃ G2(c)) In this section we derive all (V, h) admitting a G4 with
subalgebra G3 possessing a type (c) G2 subalgebra.
G4Is
The 4-dimensional type I algebra is a specialization of the 3-dimensional type II algebra
(see table 1). As mentioned in section 3.5.3 there is no maximal G3II. In fact, imposition
of the G3II algebra leads immediately to a G4I0. The 3-space is
dσ2 = 2dudw + k2(dv + udw)2 (109)
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Table 8. Reducible 1+3 spacetimes admitting transitive G4 (a), (c) or (d) algebras
on (V, h). Those metrics which are conformally reducible 2+2 spacetimes are omitted
from the table.
Algebra (V, h) Spacetime metric/G5 basis Condition
G4IIIp(a) (105) ds2 = −dη2 + du2 + dw2 + (dv − udw)2 −
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~X3 = ∂u + w∂v ,
~X4 = w∂u +
1
2 (w
2 − u2)∂v − u∂w
G4V II(a) (107) ds2 = ǫ0dη2 + (ǫ1 +A0k2)a2du2 +A0k2a2ewdudv a2ǫ0ǫ1 < 0
+ 14A0k
2a2e2wdv2 +mdw2
~X0 = ∂η, ~X1 = ∂v, ~X2 = v∂v − ∂w, ~X4 = ∂u
~X3 = 2a
−1ǫ1kme
−w∂u + (
1
2kav
2 − 2k−1a−1A−10 me−2w)∂v − kav∂w
G4V III(a) (115) ds2 = −dη2 + du2 + k−2(ρ2 sin2(ku) + cos2(ku))dv2 cos(ku) 6= 0
+2ρk−1 sin(ku)dvdw + dw2
~X0 = ∂η, ~X1 = ∂v, ~X4 = ∂w,
~X2 = k
−1 sin v∂u − tan(ku) cos v∂v + ρk−1 sec(ku) cos v∂w,
~X3 = k
−1 cos v∂u + tan(ku) sin v∂v − ρk−1 sec(ku) sin v∂w
G4Is(c) (109) ds2 = dη2 + 2dudw + k2(dv + udw)2 q 6= 0, q 6= 1,
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~X3 = −∂u + w∂v, ~X4 = −u∂u + w∂w k2 > 0
G4Is(d) (110) ds2 = dη2 + [kw2 − 2B(u)w + C(u)]du2 − 2[kw −B(u)]dudv p2 < 4
+kdv2 + 2hdudw h2k2 > 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = u∂v + ∂w, ~X3 = −∂u + f(u)∂v + c(u)∂w,
~X4 = −u∂u + uf(u)∂v + [w + ug(u) +
∫
g(u)du]∂w,
where k is a non-zero constant and
~X1 = ∂v, ~X2 = ∂w, ~X3 = −∂u + w∂v, ~X4 = −u∂u + w∂w
No further G4 3-spaces of this class exist because they lead directly to the G4I0
above, or because the corresponding G3 space does not exist or is flat, or the Killing
equations lead to a contradiction.
3.6.4. G4 (from G3 ⊃ G2(d)) In this section we derive all (V, h) admitting a G4 with
subalgebra G3 possessing a type (d) G2 subalgebra. As in section 3.6.3 we find that only
a G4I0 3-space exists; all other G4 are excluded for the same reasons as above.
G4Is
The 4-dimensional algebra type I is a specialization of the 3-dimensional type II algebra.
However, imposing the G3II conditions leads to a G4I(s = 0) solution, that is, no
maximal G3II solution is possible. The 3-dimensional type II algebra is a specialization
of the 2-dimensional type I algebra. The type G2I(d) 3-space metric is given by (43).
The G3II conditions lead to the metric functions A(u) = k, D(u) = h, where h, k are
non-zero constants, with B(u), C(u) arbitrary, i.e., the metric of (V, h) is
dσ2 = [kw2 − 2B(u)w + C(u)]du2 − 2[kw − B(u)]dudv
+ kdv2 + 2hdudw (110)
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and the basis for the G3II is
~X1 = ∂v, ~X2 = u∂v + ∂w, ~X3 = −∂u + f(u)∂v + g(u)∂w (111)
with f(u), g(u) given by
f(u) = k−1B(u) +
∫
g(u)du (112)
g(u) =
1
2hk
(kC(u)−B2(u)) (113)
where we have eliminated multiples of ~X1 and ~X2. With no further restrictions on B(u)
and C(u), (V, h) also admits a fourth KV given by
~X4 = −u∂u + uf(u)∂v + [w + ug(u) +
∫
g(u)du]∂w. (114)
No G4I(s 6= 0) solution is possible.
The special case with B(u) = C(u) = 0 has f(u) = g(u) = 0. The metric of (V, h)
is
dσ2 = k(wdu− dv)2 + 2hdudw
and the basis is
~X1 = ∂v, ~X2 = u∂v + ∂w, ~X3 = −∂u, ~X4 = −u∂u + w∂w.
3.6.5. G4V III As discussed at the beginning of this section, metrics with G4V III
algebras with orbit types (a), (c) and (d) will be considered as specialisations of the G2I
metrics. It can be shown that only type (a) exists, with metric
dσ2 = du2 + (k−1ρ sin(ku)dv + dw)2 + k−2 cos2(ku)dv2. (115)
The G4 basis is
~X1 = ∂v, ~X4 = ∂w,
~X2 = k
−1 sin v∂u − tan(ku) cos v∂v + ρk−1 sec(ku) cos v∂w,
~X3 = k
−1 cos v∂u + tan(ku) sin v∂v − ρk−1 sec(ku) sin v∂w.
The corresponding (M, gˆ) is
ds2 = −dη2 + du2 + k−2(ρ2 sin2(ku) + cos2(ku))dv2 + 2ρk−1 sin(ku)dvdw + dw2.
4. Homothety Groups on (V, h)
We wish to enumerate all relevant homothety algebras on three-dimensional manifolds
(V, h). Homothetic algebras will be denoted Hr, where r is the dimension the algebra.
Note that an Hr on (V, h) will lead to a Hr+1 on (M, gˆ) on account of the existence of
the KV ∂u.
As it is well known, if a proper HV ~X exists it is unique in the sense that any other
proper HV say ~X ′ will be a linear combination of ~X and KVs. Further, the Lie bracket
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of a HV and a KV is always a KV (it can also be zero, as zero is a KV). From now on,
we will always refer to a proper HV simply as a HV, unless confusion may arise.
The above facts imply that an r-dimensional Lie algebra of Homotheties, say Hr,
always contains an (r-1)-dimensional Lie algebra of isometries Gr−1.
In (V, h), the maximal Killing algebra is 6-dimensional and the metric h is then
of constant curvature, i.e., the Ricci scalar, R, is a constant. If a HV ~X exists and if
ψ 6= 0 is the homothetic constant, then L ~XR = −2ψR = 0 which implies that R = 0
and (V, h) is locally flat.
The case in which G5 acts on a (V, h) is forbidden by Fubini’s theorem.
We first consider separately the cases with an H1 with null orbits and with non-
null orbits. The H2 metrics are obtained in a similar way to the G2 metrics. An H3
acting multiply transitively on a 2-space is impossible [17]. To determine the relevant
homothety algebras H3 acting on (V, h) we take the G2 metrics (V, h) and demand that
in addition each case admits an HV. Note that the H2 metrics were not taken as the
starting point since anH3 does not necessarily admit a H2 subalgebra. There is only one
H4 algebra relevant to this work, as shall be shown presently. Hall and Steele [17] have
shown that an H4 acting transitively on the (V, h) must possess a G3 subalgebra with
2-dimensional orbits. However, such a G3 acting on non-null 2-dimensional orbits leads
to a (M, gˆ) which is a conformally reducible 2+2 spacetime, and need not be considered
any further. The metric (37) represents a (V, h) with G3 acting on null 2-dimensional
orbits and, in fact, the corresponding (M, gˆ) is given by metric (39) and admits an
H6 ⊃ G5.
Any conformally reducible 2+2 spacetimes obtained in this analysis can be
discarded since they are treated in [1].
4.1. (V, h) admits a group H1 of homotheties.
We will treat separately the two cases: null orbits and non-null orbits.
4.1.1. H1 on null orbits Let ~l be a null HV and choose a null triad, say {~l, ~n, ~x} such
that: lAlA = n
AnA = 0, l
AnA = −1, xAxA = 1 and the remaining products are zero.
From
lA/B = ψgAB + FAB
it follows upon contraction with lA that FABl
B = ψlA, hence:
lA/B = −2ψlAnB + ψxAxB (116)
and one then has for ~n and ~x in the triad
nA/B = 2ψnAnB + µxAlB + νxAnB + ρxAxB (117)
xA/B = µlAlB + νlAnB + ρlAxB + ψnAxB (118)
and then the various Lie brackets can be evaluated to get:
[~l, ~n] = −2ψ~n− ν~x, [~l, ~x] = −ψ~x− ν~l, [~n, ~x] = −2µ~l − ρ~x (119)
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Now, a null rotation can be used in order to simplify the above expressions, thus
putting
~l′ = ~l, ~n′ = 1
2
P 2~l + ~n + P~x, ~x′ = P~l + ~x (120)
and dropping primes for convenience, one gets after some straightforward calculations:
[~l, ~n] = −2ψ~n, [~l, ~x] = −ψ~x, [~n, ~x] = α~l + β~n+ γ~x (121)
Notice that ~l and ~n are surface-forming, and so are ~l and ~x, thus, we can choose
coordinates, say xA = v, u, x such that
~l = ∂v, ~n = A(u, v, x)∂v+B(u, v, x)∂u, ~x = C(u, v, x)∂v+D(u, v, x)∂x(122)
and from (121) we get
~n = exp (−2ψv) (A0(u, x)∂v +B0(u, x)∂x) , ~x = exp (−ψv) (C0(u, x)∂v +D0(u, x)∂x) .
Further, from the orthogonality relations lAlA = n
AnA = 0, etc. it follows that
hAB = exp (2ψv)


0 −B−10 0
−B−10 2A0B−20 C0B−10 D−10
0 C0B
−1
0 D
−1
0 D
−2
0

 (123)
and a coordinate transformation v → v, u→ u and x→ x(u, x) exists such that hux = 0
in the new coordinates, that is:
hAB = exp (2ψv)K(u, x)


0 −1 0
−1 M(u, x) 0
0 0 N(u, x)

 , ~l = ∂v. (124)
4.1.2. H1 on non-null orbits Let now ~X be a non-null proper HV, that is
XA/B = ψhAB + FAB, FAB = −FBA Homothetic Bivector (125)
There are now two possibilities:
(i) ~X is hypersurface orthogonal (h.o. for short); i.e.: X[AXB/C] = 0 or equivalently
FAB = X[AVB] for some covector VB, that is: ~X is contained in the blade of its own
bivector (note this includes the case of ~X being a gradient, i.e.: FAB = 0. Assuming
it has no fixed points, we can set up a coordinate system xA = u, xα adapted to ~X
so that ~X = ∂u and the metric in these coordinates is such that huα = 0, imposing
next that ~X is a HV we easily get
dσ2 = exp (2ku)
[
ǫ exp V (xγ)du2 + h¯αβ(x
γ)dxαdxβ
]
(126)
where h¯αβ(x
γ) is a 2-metric and can therefore be diagonalized.
(ii) ~X is not h.o. Assuming one is not at a fixed point, one can choose an adapted
coordinate system, say u, v, w such that ~X = ∂u, and the metric reads then:
dσ2 = exp (2ψu)hˆAB(v, w)dx
AdxB. (127)
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Table 9. Canonical metric forms admitting H1 on (V, h). The term hypersurface
orthogonal is abbreviated to h.o.. ǫ0 = ±1 and ǫ1 = ±1 are not both negative.
Algebra (V, h) Spacetime metric/H2 basis Condition
H1 on N1 (124) ds2 = ǫ0dη2 + exp(2ψv)K(u, x)[−2dudv ǫ0K(u, x)N(u, x) > 0
+M(u, x)du2 +N(u, x)dx2]
~X0 = ∂η, ~l = ∂v,
H1 on S1 or T1 (126) ds2 = ǫ0dη2 + exp (2ψu)[ǫ1 expV (xγ)du2 ǫ0ǫ1 det h¯ < 0
( ~X is h.o.) +h¯αβ(x
γ)dxαdxβ ]
~X0 = ∂η, ~X = ∂u,
H1 on S1 or T1 (128) ds2 = ǫ0dη2 + exp (2ψu)[ǫ1A2(v, w)du2 ǫ0C2(v, w)
( ~X is not h.o.) +2B(v, w)dudv + C2(v, w)(ǫ2dv
2 + dw2) (ǫ1ǫ2A
2(v, w)C2(v, w) −B2(v, w))
~X0 = ∂η, ~X = ∂u, < 0
Now, hˆAB depends just on v and w and coordinate changes can be performed so as
to bring it to a simpler form, thus for instance, a change
u′ = u+ α(v, w)
allows one to set hˆuw = 0 without altering the form of the HV (i.e.: ~X = ∂u′).
Next, a change of the form
v′ = β(v, w), and w′ = γ(v, w)
can be used to render the 2-metric in the v, w plane in an explicitly conformally
flat form, thus the whole line element can be written as:
dσ2 = exp (2ψu)[ǫ1A
2(v, w)du2 + 2B(v, w)dudv
+C2(v, w)(ǫ2dv
2 + dw2)] (128)
Table 9 lists the corresponding 1+3 reducible spacetimes (M, gˆ).
4.2. (V, h) admits a group H2 of homotheties.
The Lie brackets will have the form
[H,X ] = λX
where λ = 0, 1.
The metrics admitting H2 algebras are derived in a similar way to the metrics
admitting G2 algebras: The abelian and non-abelian cases are dealt with separately,
considering each sub-case (a) - (d) as follows:
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4.2.1. The abelian case, H2I. Starting with the general (V, h) metric, in cases (a), (b)
and (c) we choose coordinates such that the KV ~X = ∂v and HV ~H = ∂w. Similarly,
starting with the (V, h) metric, in case (d) we choose coordinates such that the KV
~X = ∂v and HV ~H = u∂v + ∂w. The corresponding metrics are all of the form
dΣ2 = e2ψwdσ2
where dσ2 is the 3-space metric of the corresponding G2 spacetime and ψ is the
homothetic scalar. The (V, h) metrics admitting an abelian H2 algebra are as follows
(a) dΣ2 = e2ψw(ǫ1du
2 + A(u)dv2 + 2B(u)dvdw + C(u)dw2) (129)
(b) dΣ2 = e2ψw(P−2(u)dw2 − 2dudv − 2H(u)du2) (130)
(c) dΣ2 = e2ψw(2dudw + (A(u)dv +B(u)dw)2) (131)
(d) dΣ2 = e2ψw[(A(u)w2 − 2B(u)w + C(u))du2 + A(u)dv2
− 2(A(u)w −B(u))dudv + 2D(u)dudw]. (132)
corresponding to metrics (30), (37), (42), and (43) respectively. We note that there is
some freedom in the choice of the KV and the HV. However, it can be shown that the
above choice, and corresponding metrics, encapsulate all possibilities. Note that since
(37) admits a G4, the metric (130) admits a C4 ⊃ H2. The reducible 1+3 spacetimes
(M, gˆ) with (V, h) metrics admitting an abelian H2 algebra are given in table 10.
4.2.2. The non-abelian case, H2II. Since the Lie bracket of a KV and an HV is a KV
then in cases (a), (b) and (c) we set ~X = ∂v and ~H = v∂v + ∂w, and in case (d) we set
~X = ∂w and ~H = ∂v +w∂w. The (V, h) metrics admitting a non-abelian H2 algebra are
all conformally related to the corresponding non-abelian G2 metrics, and are as follows
(a) dΣ2 = e2ψw(ǫ1du
2 + A(u)e−2wdv2 + 2B(u)e−wdvdw
+ C(u)dw2) (133)
(b) dΣ2 = e2ψw(P−2(u)dw2 − 2e−wdudv − 2H(u)du2) (134)
(c) dΣ2 = e2ψw[2dudw + (A(u)e−wdv +B(u)dw)2] (135)
(d) dΣ2 = e2ψv[2dudv + 2A(u)e−vdudw +B(u)e−2vdw2] (136)
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Table 10. The reducible 1+3 spacetimes (M, gˆ) with (V, h) metrics admitting an
abelian H2. ǫ0 = ±1 and ǫ1 = ±1 are not both negative.
Algebra (V, h) Spacetime metric/H3 basis Condition
H2I(a) (129) ds2 = ǫ0dη2 + e2ψw(ǫ1du2 +A(u)dv2 + 2B(u)dvdw + C(u)dw2) ǫ0ǫ1(A(u)C(u)−B2(u))
~X0 = ∂η, ~X = ∂v, ~H = ∂w < 0
H2I(b) (130) ds2 = ǫ0dη2 + e2ψw(P−2(u)dw2 − 2dudv − 2H(u)du2) ǫ0P−2(u) > 0
~X0 = ∂η, ~X = ∂v, ~H = ∂w
H2I(c) (131) ds2 = ǫ0dη2 + e2ψw(2dudw + (A(u)dv +B(u)dw)2) ǫ0A2(u) > 0
~X0 = ∂η, ~X = ∂v, ~H = ∂w
H2I(d) (132) ds2 = ǫ0dη2 + e2ψw[(A(u)w2 − 2B(u)w + C(u))du2 +A(u)dv2 ǫ0A(u)D2(u) > 0
−2(A(u)w −B(u))dudv + 2D(u)dudw]
~X0 = ∂η, ~X = ∂v, ~H = u∂v + ∂w
Table 11. The reducible 1+3 spacetimes (M, gˆ) with (V, h) metrics admitting a non-
abelian H2. ǫ0 = ±1 and ǫ1 = ±1 are not both negative.
algebra (V, h) spacetime metric / H3 basis condition
H2II(a) (133) ds2 = ǫ0dη2 + e2ψw(ǫ1du2 +A(u)e−2wdv2 + 2B(u)e−wdvdw ǫ0ǫ1(A(u)C(u)−B2(u))
+C(u)dw2) < 0
~X0 = ∂η, ~X = ∂v, ~H = v∂v + ∂w
H2II(b) (134) ds2 = ǫ0dη2 + e2ψw(P−2(u)dw2 − 2e−wdudv − 2H(u)du2) ǫ0 > 0
~X0 = ∂η, ~X = ∂v, ~H = v∂v + ∂w
H2II(c) (135) ds2 = ǫ0dη2 + e2ψw(2dudw + (A(u)e−wdv +B(u)dw)2) ǫ0A2(u) > 0
~X0 = ∂η, ~X = ∂v, ~H = v∂v + ∂w
H2II(d) (136) ds2 = ǫ0dη2 + e2ψv[2dudv + 2A(u)e−vdudw +B(u)e−2vdw2] ǫ0B(u) > 0
~X0 = ∂η, ~X = ∂w, ~H = ∂v + w∂w
corresponding to metrics (46), (50), (54), and (55) respectively. The reducible 1+3
spacetimes (M, gˆ) with (V, h) metrics admitting a non-abelian H2 algebra are given in
table 11.
4.3. (V, h) admits a group H3 of homotheties.
A homothety algebra Hr, r > 1 will admit an isometry subalgebra Gr−1. Therefore H3
metrics will be obtained from the corresponding G2, rather than the H2 metrics. Type
H3IX cannot occur since Lie algebra type IX admits no 2-dimensional subalgebra. Lie
algebra type V III is not permitted as a homothety algebra because it does not satisfy
the requirement that the Lie bracket of a KV and an HV must be a KV. Within the 3-
dimensional Lie algebras admitting a 2-dimensional subalgebra, only the type V III has
a non-abelian 2-dimensional subalgebra. Therefore, only the those homothety algebras
H3 ⊃ G2I need be considered, that is, types I − V II. Further, orbit type (b) need not
be considered since it was established in section 3.3 that G2I(b) cannot occur since it
leads directly to an H4 ⊃ G3, and G2II(b) has been ruled out from the discussion above.
Therefore, only orbit types (a), (c) and (d) need be considered as follows:
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H3 on V 3
❄
H3 ⊃ G2I
❄
✟✟✟✟✟✟✟✟✙
❍❍❍❍❍❍❍❍❥
(a) (c) (d)
❄ ❄ ❄
types I − V IIp types I − V IIp types I − V IIp
4.3.1. H3 (from G2 (a)) The 3-space with abelian G2 is given by equation (30) with
basis ~X1 = ∂v, ~X2 = ∂w.
H3I There is no (V, h) with a maximal H3I. The 3-space metric can be written
dσ2 = ǫ1du
2 + u2(dv2 + dw2) (137)
and admits at least an H4. The corresponding spacetime (M, gˆ) is conformally flat and
can be rejected.
H3II The 3-space is
dσ2 = ǫ1du
2 + u2[αdv2 + 2(−α ln |u|+ β)dvdw
+(α(ln |u|)2 − 2β ln |u|+ γ)dw2] (138)
where α, β and γ are constants such that β2 − αγ 6= 0. The H3 basis is
~X1 = ∂v, ~X2 = ∂w, ~H = u∂u + w∂v.
H3III The 3-space is
dσ2 = ǫ1du
2 + u2[αu−2/ψdv2 + 2βu−1/ψdvdw + γdw2] (139)
where α, β and γ are constants such that β2 − αγ 6= 0. The H3 basis is
~X1 = ∂v, ~X2 = ∂w, ~H = ψu∂u + v∂v.
H3IV The 3-space is
dσ2 = ǫ1du
2 + e2(ψ−1)/ψ [αdv2 + 2ψ−1(−α ln |u|+ β)dvdw
+ψ−2(α(ln |u|)2 − 2β ln |u|+ γ)dw2] (140)
where α, β and γ are constants such that β2 − αγ 6= 0. The H3 basis is
~X1 = ∂v, ~X2 = ∂w, ~H = ψu∂u + (v + w)∂v + w∂w.
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H3V The 3-space is
dσ2 = ǫ1du
2 + u2(ψ−1)/ψ(αdv2 + 2βdvdw + γdw2) (141)
where α, β and γ are constants such that β2 − αγ 6= 0. The corresponding spacetime
(M, gˆ) is a conformally reducible 2+2 spacetime and can be rejected.
H3V Iq The 3-space is
dσ2 = ǫ1du
2 + u2(αu−2/ψdv2 + 2βu−(1+q)/ψdvdw + γu−2q/ψdw2) (142)
where q 6= 0, q 6= 1 and α, β and γ are constants such that β2 − αγ 6= 0. The H3 basis
is
~X1 = ∂v, ~X2 = ∂w, ~H = ψu∂u + v∂v + qw∂w.
H3V IIp The 3-space metric is
dσ2 = ǫ1du
2 + A(u)dv2 + 2B(u)dvdw + C(u)dw2 (143)
with functions A(u), B(u) and C(u) restricted by
ψuA(u),u + 2B(u)− 2ψA(u) = 0,
ψuB(u),u −A(u) + (p− 2ψ)B(u) + C(u) = 0,
ψuC(u),u − 2B(u) + 2(p− ψ)C(u) = 0.
The general solution for this system of equations is
A(u) = u2−p/ψ[α1 + α2{(1− 12s2) cos(
s
ψ
ln |u|)− 1
2
ps sin(
s
ψ
ln |u|)}
+ α3{(1− 12s2) sin(
s
ψ
ln |u|) + 1
2
ps cos(
s
ψ
ln |u|)}], (144)
B(u) = 1
2
u2−p/ψ[α1p + α2{p cos( s
ψ
ln |u|)− s sin( s
ψ
ln |u|)}
+ α3{p sin( s
ψ
ln |u|) + s cos( s
ψ
ln |u|)}], (145)
C(u) = u2−p/ψ[α1 + α2 cos(
s
ψ
ln |u|) + α3 sin( s
ψ
ln |u|)] (146)
where α1, α2, and α3 are arbitrary constants and s =
√
4− p2. The H3 basis is
~X1 = ∂v, ~X2 = ∂w, ~H = ψu∂u − w∂v + (v + pw)∂w.
The canonical metric forms admitting transitive H3 type (a) algebras on (V, h) are
listed in table 12.
4.3.2. H3 (from G2 (c)) The 3-space with abelian G2 is given by equation (42) with
basis ~X1 = ∂v, ~X2 = ∂w. As noted in sections 3.3.1(c) and 3.6.2, if B(u) is proportional
to A(u), or if B(u) = 0, the corresponding (M, gˆ) is an isometry class 10 (or class 11 or
13) pp-wave spacetime. Where such cases arise in the following analysis they will not
be considered in further detail.
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Table 12. Reducible 1+3 spacetimes admitting transitive H3 type (a) algebras on
(V, h). Those metrics which are conformally reducible 2+2 spacetimes are omitted
from the table.
H3 algebra (V, h) Spacetime metric and H4 basis Condition
H3II(a) (138) ds2 = ǫ0dη2 + ǫ1du2 + u2[αdv2 + 2(−α ln |u|+ β)dvdw ǫ0ǫ1(αγ − β2)u2 < 0
+ (α(ln |u|)2 − 2β ln |u|+ γ)dw2]
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~H = u∂u + w∂v
H3III(a) (139) ds2 = ǫ0dη2 + ǫ1du2 + u2[αu−2/ψdv2 ǫ0ǫ1(αγ − β2)u2(1−1/ψ)
+ 2βu−1/ψdvdw + γdw2] < 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~H = ψu∂u + v∂v
H3IV (a) (140) ds2 = ǫ0dη2 + ǫ1du2 + e2(ψ−1)/ψ[αdv2 ǫ0ǫ1(αγ − β2) < 0
+2ψ−1(−α ln |u|+ β)dvdw
+ψ−2(α(ln |u|)2 − 2β ln |u|+ γ)dw2]
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w,
~H = ψu∂u + (v + w)∂v + w∂w
H3V Iq(a) (142) ds2 = ǫ0dη2 + ǫ1du2 ǫ0ǫ1(αγ − β2)u2−2(1+q)/ψ
+u2(αu−2/ψdv2 + 2βu−(1+q)/ψdvdw + γu−2q/ψdw2) < 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~H = ψu∂u + v∂v + qw∂w
H3V IIp(a) (143) ds2 = ǫ0dη2 + ǫ1du2 +A(u)dv2 + 2B(u)dvdw + C(u)dw2 ǫ0ǫ1(p2α1 − s2α2 − s2α3)
Functions A(u), B(u), C(u) given by (144) - (146) < 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w,
~H = ψu∂u − w∂v + (v + pw)∂w
H3I There is no (V, h) with a maximal H3I. The 3-space can be written
dσ2 = 2dudw + u(αdv + βdw)2
where α 6= 0 and β are constants. Since A(u) and B(u) are proportional, the
corresponding (M, gˆ) is a class 11 pp-wave spacetime admitting a H5 ⊃ G4 as considered
in section 3.6.2.
H3II The 3-space is
dσ2 = 2dudw + u[αdv + (−α ln |u|+ β)dw]2 (147)
where α 6= 0 and β are constants. The H3 basis is
~X1 = ∂v, ~X2 = ∂w, ~H = u∂u + w∂v.
H3III The 3-space is
dσ2 = 2dudw + u[αu−1/2ψdv + βdw]2 (148)
where α 6= 0 and β are constants. The H3 basis is
~X1 = ∂v, ~X2 = ∂w, ~H = 2ψu∂u + v∂v.
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H3IV There are two cases. For ψ 6= 1/2 the 3-space is
dσ2 = 2dudw + u2(ψ−1)/(2ψ−1)[αdv + (−α(2ψ − 1)−1 ln |u|+ β)dw]2 (149)
where α 6= 0 and β are constants. The H3 basis is
~X1 = ∂v, ~X2 = ∂w, ~H = (2ψ − 1)u∂u + (v + w)∂v + w∂w.
For ψ = 1/2 the 3-space is
dσ2 = 2dudw + e−u[αdv + (−αu+ β)dw]2 (150)
where α 6= 0 and β are constants. The H3 basis is
~X1 = ∂v, ~X2 = ∂w, ~H = ∂u + (v + w)∂v + w∂w.
H3V There are two cases. For ψ 6= 1/2 the 3-space is
dσ2 = 2dudw + u2(ψ−1)/(2ψ−1)[αdv + βdw]2
where α 6= 0 and β are constants. The corresponding (M, gˆ) is a type 11 pp-wave
spacetime admitting a H5 ⊃ G4. When ψ = 1 the 3-space is flat. When ψ = 1/2 the
3-space metric is
dσ2 = 2dudw + e−udv2.
The corresponding (M, gˆ) is a type 13 pp-wave spacetime admitting a H5 ⊃ G4.
H3V Iq We note that q 6= 0, 1. For ψ 6= q/2 the 3-space metric is
dσ2 = 2dudw + u2(ψ−1)/(2ψ−q)[αdv + βu(1−q)/(2ψ−q)dw]2 (151)
where α 6= 0 and β are constants. The H3 basis is
~X1 = ∂v, ~X2 = ∂w, ~H = (2ψ − q)u∂u + v∂v + qw∂w.
For ψ = q/2 the 3-space metric is
dσ2 = 2dudw + [αe(q−2)u/(2c)dv + βe−qu/(2c)dw]2 (152)
where α 6= 0, β and c 6= 0 are constants. The H3 basis is
~X1 = ∂v, ~X2 = ∂w, ~H = c∂u + v∂v + qw∂w.
H3V IIp The 3-space is
dσ2 = 2dudw + [A(u)dv +B(u)dw]2 (153)
where the functions A(u) and B(u) are restricted by
A(u),ua(u) +B(u)− ψA(u) = 0, (154)
B(u)[B(u),ua(u)− A(u) + (p− ψ)B(u)] = 0, (155)
f(u),u + A
−2(u) = 0, (156)
a(u),u + A(u)B(u)f(u),u + p− 2ψ = 0. (157)
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Table 13. Reducible 1+3 spacetimes admitting transitive H3 type (c) algebras on
(V, h). Those metrics which are conformally reducible 2+2 spacetimes are omitted
from the table.
H3 algebra (V, h) Spacetime metric and H4 basis Condition
H3II(c) (147) ds2 = ǫ0dη2 + 2dudw + u[αdv + (−α ln |u|+ β)dw]2 ǫ0α2u > 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~H = u∂u + w∂v,
H3III(c) (148) ds2 = ǫ0dη2 + 2dudw + u[αu−1/2ψdv + βdw]2 ǫ0α2u1−1/ψ > 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~H = 2ψu∂u + v∂v
H3IV (c) (149) ds2 = ǫ0dη2 + 2dudw ǫ0α2u2(ψ−1)/(2ψ−1)
(ψ 6= 1/2) +u2(ψ−1)/(2ψ−1)[αdv + (−α(2ψ − 1)−1 ln |u|+ β)dw]2 > 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w,
~H = (2ψ − 1)u∂u + (v + w)∂v + w∂w
H3IV (c) (150) ds2 = ǫ0dη2 + 2dudw + e−u[αdv + (−αu+ β)dw]2 ǫ0α2 > 0
(ψ = 1/2) ~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~H = ∂u + (v + w)∂v + w∂w
H3V Iq(c) (151) ds2 = ǫ0dη2 + 2dudw + u2(ψ−1)/(2ψ−q)[αdv ǫ0α2u2(ψ−1)/(2ψ−q)
+βu(1−q)/(2ψ−q)dw]2 > 0
(ψ 6= q/2) ~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~H = (2ψ − q)u∂u + v∂v + qw∂w
H3V Iq(c) (152) ds2 = ǫ0dη2 + 2dudw + [αe(q−2)u/(2c)dv + βe−qu/(2c)dw]2 ǫ0α2 > 0
(ψ = q/2) ~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w, ~H = c∂u + v∂v + qw∂w
H3V IIp(c) (153) ds2 = ǫ0dη2 + 2dudw + [A(u)dv +B(u)dw]2 ǫ0A2(u) > 0
Functions A(u), B(u), C(u) given by (154) - (157) a(u) 6= 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = ∂w,
~H = a(u)∂u + (−w + f(u))∂v + (pw + v)∂w
The H3 basis is
~X1 = ∂v, ~X2 = ∂w, ~H = a(u)∂u + (−w + f(u))∂v + (pw + v)∂w.
From equations (154) - (157) we find that a(u) satisfies the equation
a(u)a(u),uu − (a(u),u)2 = (p− 2ψ)a(u),u + 1− 2pψ + 4ψ2 (158)
corresponding to equation (81) in the G3V IIp case. One solution of equation (158)
is a(u) = ku, where k is a constant given in terms of p and ψ, but this leads to
B(u)A−1(u) = constant, i.e., to a pp-wave solution. No general solution of equation
(158) has been found. Note that a(u) 6= 0 for 3-dimensional orbits.
The canonical metric forms admitting transitive H3 type (c) algebras on (V, h) are
listed in table 13.
4.3.3. H3 (from G2 (d)) The 3-space with abelian G2 is given by metric (43) with basis
~X1 = ∂v, ~X2 = u∂v + ∂w. Note that both metric functions A(u) and D(u) are non-zero
for non-degeneracy.
H3I This type is not possible.
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H3II The 3-space metric is
dΣ2 = e−2ψudσ2 (159)
where dσ2 is the metric (110), i.e., the 3-space metric of the corresponding G4I(d).
(Recall that the corresponding G3II(d) does not exist, see section 3.6.4.) The KV ~X4 of
dσ2, given by equation (114), becomes a proper CKV of dΣ2 but does not give rise to a
symmetry of (M, gˆ). The KVs ~X1, ~X2 of dσ
2 remain as KVs of dΣ2 and thus of (M, gˆ)
while the KV ~X3, given by equation (111) becomes a HV of dΣ
2 and leads to the HV
of (M, gˆ) given by
~H = ψη∂η − ∂u + f(u)∂v + g(u)∂w
where f(u) and g(u) are defined by (112), (113).
H3III The 3-space metric is
dΣ2 = u2ψdσ2 (160)
where dσ2 is metric (83), i.e., the 3-space metric of the corresponding G3III(d). The
H3 basis is given by the corresponding G3III(d) basis, with homothety X3.
H3IV The 3-space metric is
dΣ2 = u−2ψdσ2 (161)
where dσ2 is metric (86), i.e., the 3-space metric of the corresponding G3IV (d). The H3
basis is given by the corresponding G3IV (d) basis, with homothety X3.
H3V This type is not possible.
H3V Iq The 3-space metric is
dΣ2 = u2ψ/(1−q)dσ2 (162)
where dσ2 is metric (89), i.e., the 3-space metric of the corresponding G3V I(d). The H3
basis is given by the corresponding G3V I(d) basis, with homothety X3.
H3V IIp The 3-space metric is
dΣ2 = e4ψf(u)/qdσ2, f(u) = tan−1[(2u− p)/q] (163)
where q =
√
4− p2 and dσ2 is metric (43) with functions A(u), D(u) given by (92),
i.e., the 3-space metric of the corresponding G3V II(d). The H3 basis is given by the
corresponding G3V II(d) basis, with homothety X3.
The canonical metric forms admitting transitive H3 type (d) algebras on (V, h) are
listed in table 14.
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Table 14. Reducible 1+3 spacetimes admitting transitive H3 type (d) algebras on
(V, h). Those metrics which are conformally reducible 2+2 spacetimes are omitted
from the table.
H3 algebra (V, h) Spacetime metric and H4 basis Condition
H3II(d) (159) ds2 = ǫ0dη2 + e−2ψu{[kw2 − 2B(u)w + C(u)]du2 ǫ0h2k2 > 0
−2[kw −B(u)]dudv + kdv2 + 2hdudw}
~X0 = ∂η, ~X1 = ∂v, ~X2 = u∂v + ∂w,
~H = −∂u + f(u)∂v + g(u)∂w
H3III(d) (160) ds2 = ǫ0dη2 + u2ψ{[αu−2w2 − 2B(u)w + C(u)]du2 ǫ0αδ2 > 0
−2[αu−2w −B(u)]dudv + αu−2dv2 + 2δu−1dudw} u 6= 0
~X0 = ∂η, ~X1 = ∂v, ~X2 = u∂v + ∂w,
~H = u∂u + [v + b(u)]∂v + c(u)∂w, b(u), c(u) given by (84)
H3IV (d) (161) ds2 = ǫ0dη2 + u2ψ{[αe2uw2 − 2B(u)w + C(u)]du2 ǫ0αδ2 > 0
−2[αe2uw −B(u)]dudv + αe2udv2 + 2δeududw}
~X0 = ∂η, ~X1 = ∂v, ~X2 = u∂v + ∂w,
~H = −∂u + (v + b(u))∂v + (w + c(u))∂w,
b(u), c(u) given by (87)
H3V Iq(d) (162) ds2 = ǫ0dη2 + u2ψ/(1−q){[αu2pw2 − 2B(u)w + C(u)]du2 ǫ0αδ2u4p > 0,
−2[αu2pw − B(u)]dudv + αu2pdv2 + 2δupdudw} q 6= 0, q 6= 1
~X0 = ∂η, ~X1 = ∂v, ~X2 = u∂v + ∂w,
~H = (1− q)u∂u + (v + b(u))∂v + (qw + c(u))∂w
b(u), c(u) given by (90)
H3V IIp(d) (163) ds2 = ǫ0dη2 + e4ψf(u)/q{[A(u)w2 − 2B(u)w + C(u)]du2 ǫ0αδ2(u2 − pu+ 1)−2
−2[A(u)w −B(u)]dudv +A(u)dv2 + 2D(u)dudw} > 0,
~X0 = ∂η, ~X1 = ∂v, ~X2 = u∂v + ∂w, p
2 < 4
~H = (u2 − pu+ 1)∂u + (uv + b(u))∂v
+(v + (p− u)w + c(u))∂w
A(u), D(u) given by (92), b(u), c(u) given by (93)
5. Discussion and Examples
We have shown that the following possibilities exist for 1+3 reducible spacetimes:
(1) If (V, h) is of constant curvature, then it admits two or more GCKV and (M, gˆ)
is conformally flat and thus is a conformally reducible 2+2 spacetime.
(2) If (V, h) admits only one GCKV, which is not a null GKV, then (M, gˆ) is not
conformally flat, but is a conformally reducible 2+2 spacetime.
(3) If (V, h) admits only one GCKV, which is a null GKV, then (M, gˆ) is a pp-wave
spacetime and the dimension, r, of the symmetry group (Sr, Hr, or Gr) of (V, h) is
increased to r + 2 in (M, gˆ).
(4) If (V, h) admits no GCKV, then (M, gˆ) admits only HV and KV and the
dimension, r, of the symmetry group (Hr or Gr) of (V, h) is increased to r+1 in (M, gˆ).
The first two possibilities were dealt with in [1]. The second two possibilities
are discussed in sections 3 and 4, where we enumerated all possible isometry and
homothety Lie algebras on the 3-dimensional spacelike and timelike hypersurfaces of
the 1+3 spacetimes.
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Throughout this work we have pointed out instances where the spacetimes in
question are conformally reducible 2+2 spacetimes. There may be conformally reducible
1+3 spacetimes present which are also conformally reducible 2+2 spacetimes although
this may not be apparent from their particular coordinate representation. The condition
for a spacetime to be reducible 2+2 is that it admits two independent null recurrent
vector fields. Further, only Petrov type D or O are possible. Oktem [18] shows that,
for a non-zero Weyl tensor, the two independent recurrent vector fields are the principal
null directions of the Weyl tensor. It follows that the recurrent vector fields will also be
the principal null directions of the Weyl tensor for any conformally related spacetime,
i.e., a conformally reducible 2+2 spacetime. If the spacetime is type O then it is
automatically a conformally reducible 2+2 spacetime. If the spacetime is a type D
conformally reducible 2+2 spacetime, then the principal null directions will satisfy the
conditions of Theorem 1 in [1], which we shall quote here
Theorem 3. Let (M, g) be a spacetime. If there exists a function µ : M → R and null
vectors la and ka (laka = −1) satisfying
la;b = αe
−µlalb − µ,alb + (µ,clc)gab , ka;b = −αe−µkalb − µ,akb + (µ,ckc)gab ,
then (M, g) is conformally related to a reducible 2+2 spacetime with conformal factor e2µ.
Here α is some real function of the coordinates associated with the integral distribution
spanned by lˆa = eµla and kˆa = eµka.
We now present some examples of reducible and conformally reducible 1+3
spacetimes which, in general, are well known and which illustrate some of the results
presented here. A number of examples of 1+3 pp-wave spacetimes are given in the text
so no further examples of such spacetimes will be given here.
Example 1 Consider the G4V II metric of (V, h) given by (107) with KVs given by
(108). The special case given by the choice ǫ1 = 1, A0k
2 = −2, m = a2 results in the
spacetime (M, gˆ) with metric
ds2 = a2[dη2 − (du+ ewdv)2 + 1
2
e2wdv2 + dw2] (164)
which is the Go¨del metric admitting the five KVs
~X1 = ∂v, ~X2 = v∂v − ∂w, ~X4 = ∂u, ~X5 = ∂η,
~X3 = − 2e−w∂u − (e−2w + v2/2)∂v + v∂w. (165)
The spacetime with metric
dΣ2 = η−2ds2,
where ds2 is the Go¨del metric (164), also satisfies the field equations for a comoving
perfect fluid with a non-zero cosmological constant Λ. The density and pressure are
given by
µ = 1
2
a−2η2 − 3a−2 − Λ, p = 1
2
a−2η2 + 3a−2 + Λ,
and the appropriate energy conditions are satisfied if Λ ≤ −3a−2. The KV remain as
KV except for ~X5 which becomes a proper CKV with ψ = −η−1.
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Example 2 The perfect fluid spacetime (Senovilla [19]) with metric
ds2 = G2(y)dΣ2 (166)
where G(y) = a−1k sin(ay) and the metric of (M, gˆ) is given by
dΣ2 = G−2(y)dy2 + F−1(x)dx2 + F (x)dφ2 − x2(dt+ bx−2dφ)2 (167)
is a conformally reducible 1+3 spacetime. Here F (x) = m ln(x/c)+b2x−2−k2x2 and a, b,
c, k and m are constants. The 3-space (V, h) admits only the two KV ~X1 = ∂t, ~X2 = ∂φ,
which is an example of the G2I structure discussed in section 3.3.1. The spacetime
(M, gˆ) admits the additional KV ~X3 = G
−1(y)∂y and the conformally related spacetime
(M, g) retains the KVs ~X1, ~X2 but ~X3 becomes a proper CKV with ψ = −G−2G,y.
Example 3 Consider the conformally reducible 1+3 perfect fluid spacetime of Allnutt
[20], viz.
ds2 = e−2axdΣ2 (168)
where the metric of (M, gˆ) is given by
dΣ2 = e2axdx2 + t1+ndy2 + t1−ndz2 − dt2 . (169)
(M, g) is a Bianchi V Ih solution and so admits three KVs.
As in the previous example, the 3-space (V, h) admits two KVs, ~X1 = ∂y, ~X2 = ∂z,
but also admits a HV, ~X3 = t∂t +
1
2
(1− n)y∂y + 12(1 + n)z∂z , and thus is an example of
a H3V I space given by equation (151) after a suitable coordinate transformation. We
find that (M, gˆ) admits the KV ~X4 = e
−ax∂x in addition to ~X1 and ~X2 [8]. Restoring
the conformal factor e−2ax we find that for (M, g) ~X1 and ~X2 remain as KV, ~X3 becomes
the third KV while ~X4 becomes a proper CKV with ψ = ae
−ax.
Example 4 The null electromagnetic field solution found by Datta and Raychaudhuri
[21] has metric
ds2 = ρ−1/2[dρ2 + dz2 + f(ρ)−1ρ5/2dφ2 − f(ρ)ρ1/2(dt2 − ρf(ρ)−1dφ2)2]
where f(ρ) = 4b2ρ2 + cρ ln |ρ| and b, c are constants. The corresponding (V, h), i.e.,
dσ2 = dρ2 − f(ρ)ρ1/2dt2 + 2ρ3/2dtdφ
admits a G2I with basis, ~X1 = ∂φ, ~X2 = ∂t where ~X1 is null and ~X1, ~X2 are not
orthogonal. The spacetime (M, g) thus admits three KV and no other symmetries.
If the constant c = 0 the metric of (V, h) becomes
ds2 = dρ2 − 4b2ρ5/2dt2 + 2ρ3/2dtdφ.
Thus also admits an HV, ~H = ρ∂ρ +
3
4
φ∂φ − 14t∂t, and so (V, h) is of type H3V . The
corresponding spacetime (M, g), i.e.,
ρ−1/2(dρ2 + dz2)− 4b2ρ2dt2 + 2ρdtdφ
admits the three KVs ~X1, ~X2, ~X3 = ∂z and the HV
~H = 4z∂z + 4ρ∂ρ + 3φ∂φ − t∂t, ψ = 3.
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Example 5 We now illustrate Theorem 4, part 4(a), by considering a special type of
plane wave spacetime (M, g) with metric (the conformal symmetries of which are given
in [11])
ds2 = dy2 + dx2 − 2dudv − 2u−4x2du2 . (170)
The energy-momentum tensor for this spacetime is that of a null fluid. The 3-space
(V, h) given by
dσ2 = dx2 − 2dudv − 2u−4x2du2 (171)
admits a null GKV, ~ξ = ∂v, and a SCKV ~X1 = u
2∂u +
1
2
x2∂v + ux∂x. Thus the
requirements of the theorem are satisfied and (M, g) admits a proper SCKV given by
~Y = u2∂u +
1
2
(x2 + y2)∂v + ux∂x + uy∂y .
The 3-space (V, h) also admits a HV which leads to a HV of (M, g) given by ~H = 2v∂v+
x∂x + y∂y, and two KVs, which are also KVs of (M, g) given by ~X2 = p(u),u∂v + p(u)∂x
and ~X3 = q(u),u∂v + q(u)∂x where p(u) = u cos(
√
2/u) and q(u) = u sin(
√
2/u). Apart
from the obvious KV ~X4 = ∂y, (M, g) also admits a fifth KV ~X5 = y∂v + u∂y. Thus
(M, g) admits one proper SCKV, one HV and five KV, including a null GKV.
Example 6 Siklos [22] found a family of pure radiation solutions with non-zero
cosmological constant Λ; the metric of (M, g) is
ds2 =
3
|Λ|x2dΣ
2
where dΣ2 is the metric of (M, gˆ) given by
dΣ2 = dx2 + dy2 − 2dudv − 2x2kdu2
where k(2k−3) > 0 for positive energy. (M, gˆ) is a pp-wave spacetime of isometry class
1(i) [11] and is an example of the case ρ = 0 in Theorem 4, case (4a), so no proper
SCKV exists. The corresponding (V, h) admits two KVs, ~X1 = ∂u, ~X2 = ∂v and a HV,
~X3 = (k − 1)u∂u − (k + 1)v∂v − x∂x, while (M, gˆ) admits the additional KVs, ~X4 = ∂y,
~X5 = y∂v + u∂y and the HV ~X3 = (k − 1)u∂u − (k + 1)v∂v − x∂x − y∂y. Restoring the
conformal factor 3/|Λ|x2, we find that ~X1, ~X2, ~X4, ~X5 remain as KVs while ~X3 becomes
a fifth KV so that (M, gˆ) admits a G5.
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